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ON THE SIMPLIFICATION OF SINGULARITIES BY BLOWING UP AT 

EQUIMULTIPLE CENTERS 

ORLANDO E. VILLAMAYOR U. 


Abstract. Resolution of singularities of varieties over fields of characteristic zero can be proved by 
using the multiplicity as main invariant. The proof of this result leads to new questions in positive 
characteristic. We discuss here results which follow by induction on the dimension of the varieties. 

Fix a variety of dimension d over a perfect field k or, more generally, a pure dimensional 
scheme of finite type over k. Fix a closed point x € of multiplicity e > 1. Define a local 
simplification of the multiplicity at x G as a proper birational map, say X^‘^^ ■ 4 — X^\ where 
denotes now a neighborhood of x, so that X^'^ has multiplicity < e at any point xi € X^\ 
Assume, by induction on d, the existence of local simplifications of the multiplicity for schemes 
over k of dimension d' , for all d' < d. We prove, under this inductive assumption, that a local 
simplification at a; € can be constructed when {Cx,x)red is not regular Here Cx,x denotes the 
tangent cone of x G X, and {Cx,x)red is the reduced scheme. The paper uses classical results of 
commutative algebra, and compares the effect of blowing up along equimultiple centers, and along 
normally flat centers. 
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1. Introduction 

1 . 1 . In this paper, which is largely expository, we discuss two invariants that are attached to a 
singular point of a variety. One is the multiplicity, and another is the Hilbert Samuel series at such 
point. This leads to two stratifications on the variety into points with the same invariant. When 
the variety is a hypersurface both stratifications coincide, but in general they are different. So, in 
general, different properties hold if we blow up at centers where the multiplicity is constant, and 
when we blow up at centers where Hilbert Samuel invariant is constant. This leads to the notion of 
equimultiple centers and normally flat centers respectively, to be discussed along these notes (see 
also [25]). Hironaka proves resolution of singularities in characteristic zero by using invariants that 
grow from the Hilbert Samuel function, and by blowing up at normally flat centers ([28]) • A similar 
statement holds using the multiplicity, and blowing up at equimultiple centers ('|56ji. 
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Fix a variety, or an excellent pure dimensional scheme X, and consider the multiplicity of the 
local ring Ox,x at each x G X. This defines a function, say multx : X —>■ (N, >) which is upper semi- 
continuous (see e.g. [TJ Section 2)], or [56l Th 6.12)]. Therefore the level sets define a partition into 
locally closed sets, which we call the stratification of X defined by the multiplicity. More precisely, 
a stratum will be an irreducible component of a level set. Given x € X, Smuitx,x will denote the 
stratum through the point x, which we view simply as a set in the topological space of X. 

Let maxmultx(G N) denote the highest multiplicity at points of X, and let Max mult y be the 
closed set of points of highest multiplicity. As multx is upper-semi-continuous, after a suitable 
restriction of X to a neighborhood of any point x, we may assume that Smuitx,x = Max mult x■ 
Here Xj.ed will denote the reduced scheme, which is also pure dimensional and excellent, and has 
the same topological space as X. A particular feature of the multiplicity, to be used along this 
paper, is the compatibility of this stratification with reductions. Namely the stratification defined 
by the functions multx and multx^ed) ^ ^red respectively, are the same; or say 

(1.1.1) Smultx ,x — S-mulix^^j^jX 

(see e.g. [T], 2), or [56j, Th 6.14). 

The multiplicity at a point x is one if and only if x G X is regular ([401 Th 40.6, p. 157]); and 
it follows that the stratification defined by the multiplicity on a pure dimensional scheme is trivial 
(i.e., the function multx is constant) if and only if Xred is regular. 

We say that a subscheme X C X is equimultiple at a point x G X if X is regular at x and 
X C Smuit,x- A well known property of the multiplicity, to be discussed below, says that if X •(— Xi 
denotes the blow up at X then multx(a^) > multA-i (a^i) for all xi G Xi mapping to x. In particular, 

( 1 . 1 . 2 ) maxmultx > maxmultjVi 

if X C Max mult v is regular. This blow up is said to simplify the multiplicity if the inequality 
is strict. We now formulate the Simplification Problem (for the multiplieity) in dimension d, say 
SPM(d), as follows: Set X as above, and d = dimX. If multx is not constant, construct 

(1.1.3) X^Xi^ -^X^, 

as a sequence of blow ups at regular centers as before, so that maxmultx > max mult 

If X is a variety and if max mult= 1 one obtains a resolution of singularities of X. But we 
don’t know of the existence of a simplification if X is a variety over a field of positive characteristic. 
We want to study conditions, at least locally at a point x G X, so that a simplification of the 
multiplicity X can be constructed if we assume the existence of a simplification for any scheme 
of dimension d', for d' strictly smaller then d. In other words we will give conditions that ensure 
that, at least locally, a simplification can be obtained by induction on the dimension d. To this end 
we first approximate X by a complete intersection of the same dimension, and then we produce a 
scheme of dimension d'{< d) which will ultimately lead us to the result. 

1.2. Reduction of the simplification of the multiplicity to complete intersections. 

Suppose that X = Spec(A;[Xi,..., X„]/p), where p is a prime of height n — d, one can choose 

(1-2.1) {/i,... ,/n_rf} C p , or say 

(1.2.2) X C X' = Spec(A:[Xi,... ,X„]/(/i,..., /„_d)), 

and X' is a complete intersection. We show that locally at x G X one can approximate X, by a 
suitable complete intersection X', so that the existence of a simplification of X is equivalent to 
that of a simplification of X'. 

Here we start with x G X, X of dimension d, and locally at x we construct a complete intersection 
X' so that the following properties hold: 
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(1) X C X', both have the same dimension, and 

(1.2.3) Max mii^ty/ = Max 

(2) Any sequence of blow ups at equimultiple centers over X' induces naturally a diagram 

(1.2.4) - x[^ - ...^ -a; 

A ^-Ai ^- ... ^-A^ 

where the lower row is a sequence of blow ups at equimultiple centers, and all vertical 
morphisms are closed immersions. 

(3) If maxmultjf' = • • • = max multx', then maxmultx = • • • = max multand 

(1.2.5) Max mu/ty/ = Max mult y.. 0 < z < r. 

This shows that a simplification of X' induces one of A, and vice versa. In particular it shows 
that the simplification problem of the multiplicity reduces to the case of complete intersections. 

1.3. Our next result is inductive and local. It will require a condition on the tangent cone of the 
point: Cx,x = Spec( 5 roj^ (TRa,)). More precisely on {Cx,x)red (the reduced scheme of Cx,x)- The 
proof will rely on the previous approximation of A by a complete intersection. 

Theorem 1.4. (Main Theorem) Let X be a pure dimensional excellent scheme, of dimension 
d at a point x. Assume that Ox,x contains a field and that the residue field k{x) is perfect. If 
{Cx,x)red is not regular, then there is a simplification of the multiplicity of X, locally atx, provided 
we assume the existences of simplification of multiplicity for schemes of dimension d' < d. 

1.5. Multiplicity vs Hilbert Samuel. So far we have fixed a pure dimensional scheme A, and 
the function multx : A ^ N was defined by assigning to x € A the multiplicity of Ox,x- One 
can also assign to this local ring another invariant, which is a sequence of positive integers, say 
/a; : N ^ N, setting lx{n) = length{0x,x . This is known as the Hilbert-Samuel sequence at 
X G A (i.e., at Ox,x), and we define now the Hilbert-Samuel function on A, say IISx ■ X —)• 
HSx{x) = lx & This function can be suitably modified, by adapting the value at each point 
X G A in terms of the local dimension, in such a way that this modified function, which we call 
again HSx ■ X N^, is upper-semi-continuous when is ordered lexicographically. 

In particular a stratification on A is obtained by considering the level sets of this function, called 
the Hilbert Samuel stratification of A. Let Shs,x denote the stratum containing x G A, known as 
the Samuel Stratum through x. Samuel proved in [SHl that HSx{x) = 4 G encodes also the 
multiplicity of A at x. This shows that Shs,x C Smuit,x, so the stratification of the Hilbert-Samuel 
function is a refinement of that obtained from the multiplicity. When A can be embedded as a 
hypersurface in a regular scheme W, the stratifications on A defined by the function HSx ■ X —)• 
is the same as that defined by multx : A —)• N. But in general the stratifications will be different. 

Fix X G T C A where Y is irreducible and regular at x. Let A •(— Ai denote the blow up at 
Y, and fix xi G Ai mapping to x. Hironaka gives an algebraic characterization of the condition 
Y C Shs,x locally at x, know as the condition of Normal Flatness of X along Y at the point 
X. Namely, that the algebra grx{I{Y)) = (Bl{Y)'^/I(Y)^~^^ (the ring of functions on the normal 
bundle) be flat over Oy = OxlI{Y), locally at the point x ([^.Theorem 2, p. 195). 

Theorems of Hironaka and Bennett m). later simplified by Singh ([52]), say that under these 
conditions HSx{x) > HSxi{xi). In particular, if Y is regular and Y C Max HSx. then 

(1.5.1) maxHSx > maxHSxi- 

This parallels the inequality in (|1.1.2p . Therefore, given A of dimension d, one can formulate the 
Simplification Problem in dimension d for the Hilbert-Samuel function, in analogy with (|1.1.3p . 
This was solved by Hironaka for schemes containing a field of characteristic zero. Let us simply 
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indicate that his proof does not follow by induction on d = dimX. Moreover, we do not know 
of a statement as that of the inductive Theorem O if multiplicity is replaced by normal flatness, 
not even in characteristic zero. In fact Hironaka’s proof used an embedding X G W where W is 
regular, and he argues by induction on the dimension of W (not on the dimension of X, see |28l p. 
177]). We refer to [TU] for a nice introduction to the Hilbert Samuel function. 

1.6. Some features of the multiplicity. If X' C IT is a hypersurface in a regular scheme, then, as 
mentioned, Max 775y/ = Max mult y/. and the same holds for the blow up, and for any sequence of 
blow ups. In fact for a hypersurface X', the construction of a sequence of blow ups at normally flat 
centers is the same as one with equimultiple centers. This property will also hold for the complete 
intersection X' in (|1.2..SD . namely Max mult y/ = Max HSy. Another particular feature of the 
scheme X' that we will construct will be that it remains a complete intersection after blowing up 
at any regular center included in Max mult y/ (= Max 775y/). In summary, the complete intersection 
X' assigned to X will be very similar to a hypersurface. This will enable us to reformulate (II. 2. 511 : 

(1.6.1) Max 775y/ = Max mult y/ = Max mult x. , 0 < i < r. 

Given X, the existence of complete intersections X' with the previous properties was presented 
in [56], where resolution of singularities (in characteristic zero) is proved by using the multiplicity 
instead of the Hilbert function (see also and [l2|)- The approximation of X by X' with the 

properties (|1.2.3p . (|1.2.4I] . and ()1.2.5|1 . to be discussed in Section 5, hold for the multiplicity (see 
right hand term in (|1.6.ip i. Similarly for Theorem ll.41 which also follows from this approximation. 

Let us indicate here that historically a first and major step in the study of the multiplicity and 
its behavior under blow ups is due to Dade my- A subscheme Y C Smuit,x which is regular at 
X E y is said to be equimultiple along Y at the point x. He characterizes equimultiplicity by the 
condition that all fibers 7r“^(y) have same dimension, for y E T in a neighborhood of x. He also 
proves that under such conditions multx(a:) > multxi(a;i) at any xi mapping to x (14.101) . 

Later Hironaka and Schickhoff gave a second characterization of equimultiplicity in (22] and m 
respectively, which is also very geometric. To motivate the idea assume that x E T C X C W, 
where Y and W are regular, and that there is a regular subscheme, H C W, of complementary 

tt' 

dimension with Y and cutting Y transversally at x. Consider the blow up, W < — Wi of W at Y, 
and let Hi, Xi be the strict transforms, in Wi, of H and X respectively. So we obtain a diagram 
of blow ups, say 


Xi c 

Hi 

C Wi 

D Xi 

w j. 

i 


i TT 

X = xn77 C 

77 

C W 

D X 


By restriction of vr', we get X -(A— Xi (the blow up of X at Y) and also 77 •(— 77i (the quadratic 
transformation of 77 at x). Finally let X -G— Xi(c 77i) be the quadratic transform of the section 
X at X. The diagram shows that there is a natural inclusion Xi C Xi n 77i, and hence there is a 
natural inclusion 7f“^(x) C 7r“^(x). Equimultiplicity of X at T locally at x is characterized by the 
condition Xi = Xi n 77i as sets, or equivalently, when 

(vr (x))red (^ (^))red 

(see [3^ . So this characterization expresses the equimultiplicity of T at x in terms of the blow up 
of a transversal section X n 77. Let us indicate that the inclusion in a regular scheme W will be 
irrelevant, and also the choice of the section 77. We include a proof of this result in Theorem 13.91 
where we follow essentially that of Lipman in [371 Section 5]. The arguments we use for the proof 
will be crucial for our further discussion on the behavior of the multiplicity under blow ups, and 
for the proof of Theorem 11.41 
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Multiplicity vs Hilbert Samuel at the tangent cone. There are many local invariants at 
a point X £ X that can be reformulated in terms of the origin of the tangent cone, say O E Cx,x- 
For examples the multiplicity and the Hilbert-Samuel function: Both invariants give the same 
information for Ox,x and for Ocx ^,0- 

In this paper a cone over a field k, say C = Spec(^), is the spectrum of a graded /c-algebra A 
which is generated in degree one. Hironaka studied the Hilbert Samuel stratum of a cone at the 
origin O E C, say Shs,o- He proved two results 

(1) that every time we fix an embedding (of cones), say C C V in a vector space over k, the 
stratum Shs,0 = § is a subspace of V, 

(2) this subspace acts on the cone, namely C + § = C in V. 

To be precise, S is a subspace when the characteristic of k is zero. However this property has a 
natural extension to positive characteristic. This extension requires the study of other subgroups in 
V, which are not necessarily subspaces. This led Hironaka to the use of group schemes in positive 
characteristic, also studied in work of Giraud, Oda, and Pomerol among others (see 120], im, m, 
|44j . |45j . |47ji. All these works are directed to the study of the Hilbert-Samuel functions along a 
singular variety, whereas here we will consider the multiplicity as main invariant. Concerning the 
study of normal flatness in positive characteristic there is also a recent work of Dietel in |16] . 

Summarizing, groups schemes turn out to be the appropriate language to express some notions 
as vector spaces, and the action of a subspace. If Cx,x C Tx,x is the inclusion of the tangent cone 
in the Zariski tangent space, group schemes enables us to endow the scheme Tx,x with a natural 
structure of vector space. We shall briefly recall results of this theory, at least those to be used in 
this paper, and we give precise reference for the reader not acquainted with this concept. 

We will show here that if C is a cone over a perfect field (i.e., if the residue field at O E C is 
perfect), then the stratum of the multiplicity Smuit,oi^ C) is also the Hilbert-Samuel stratum of 
the reduced scheme Cred through the origin (see ESI). 

The following properties of the multiplicity, gathered in the next theorem, are related to theorems 
of Hironaka concerning the notion of normal flatness. In other words, Hironaka studies similar or 
related properties when the invariant is the Hilbert Samuel invariant, and when the blow up is 
defined at normally flat center Y: 

Theorem 1.7. Fix a point x £ X and let Cx,x C Tx,x the inclusion of the tangent cone in the 
Zariski tangent space. Assume that the residue field k{x) is perfect, and let S denote the stratum 
of (highest) multiplicity through the origin of the cone Cx,x- 

(1) E> is a subspace in Tx,x- It aets on {Cx,x)red! O'^d it is the biggest subspace with this property. 

(2) Let Y C X be regular and equimultiple at x, then the subspace Ty^x is included in S, and 
hence it also acts on the subscheme {Cx,x)red- I'n addition, this aetion provides a natural 
identification {Cx,x)red/TY,x = {Cx,Y,x)red-, where Cx,y,x is the normal cone of x £Y C X. 

(3) Let X X' be the blow up at Y, as above. Given x' £ 7r“^(a:) C X', e(Ox',x') < e(Ox,x), 
and if the equality holds then 

(1.7.1) x' £ Proj(S/rya;) C TT~^{x) = Proj(C'x,y,x), 


where the inclusion is that derived from the aetion ofTy^x on § C {Cx,x)red in Tx,x- 

The statement in (1) does not hold if k{x) is not perfect f [211 Ex 2.12 , HI-25]) . The inequality 
e{Px>,x>) < e{Ox,x) in (2) is Dade’s result mentioned before (ll.lOp . 
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So according to this result, if dim{§) = 0, setting X •(— is the quadratic transform at x, then, 
after a suitable restriction of X to an open neighborhood of x, maxmultx > max multXi- 

Furthermore, there is information extracted from § that will rule the behavior of the singularity 
at X G X, when applying any sequence of blow ups at regular equimultiple centers: 

Theorem 1.8. Assume that the residue field k{x) is perfect at a point x G X and let § denote the 
stratum of (highest) multiplicity through the origin of the cone Cx,x- Assume, for simplicity that 
X G Max mu/ty. and let D{x) be the dimension of the subspace S C Tx^x 

(1) D{x) is an upper bound of the local dimension of the closed set Max mult x at x. 

(2) For any sequence X ■(— Xi •(—••••(— of blow ups at regular equimultiple centers, and 
given points xi G Xi, 0 < i < r so that maps to Xi, and xq = x, if e{Oxr,xr) = s{Ox,x), 
then D{x) is also an upper bound of the local dimension of the closed set Max mult x^ at Xr- 

So for example, if D(x) = 1, then any sequence over X, defined as in the Theorem, consists on 
blowing up either points or regular curves. 

Our Main Theorem O will follow from Theorems fL71 and 11.81 The statements in 11.81 parallel a 
Theorem of Hironaka stated here as Theorem 17.41 However in Theorem 17.41 the centers are chosen 
to be normally flat, whereas here in 11.81 centers are equimultiple. 

1.9. The paper is organized as follows: In Sections 2 and 3 we prove the two characterizations of 
equimultiplicity mentioned before. The techniques introduced there will be used along the paper. 
In Section 4 we discuss the stability of transversality when blowing up at equimultiple centers. In 
Section 5 we show that a scheme can be replaced by a nice complete intersection if we try to find 
a simplification of the multiplicity. 

The notion of group schemes is briefly discussed in Section 6, and applied in the proof of The¬ 
orem IQ which concerns the stratification defined by the multiplicity on any affine cone. Finally, 
Theorems Ol and 11.81 are proved in 17.21 and 17.31 respectively, and the Main Theorem in 17.51 

As indicated above. Theorems Ol and O extend to the multiplicity results which are already 
known for the Hilbert-Samuel function. Whereas the inductive result in Main Theorem 17.51 is 
based on the approximation by complete intersections, introduced in [56], which is exclusive of the 
multiplicity. 

I profited from discussions with C. Abad, A. Benito, A. Bravo, S. Encinas, and D. Sulca. 

2. Conditions for equimultiplicity and a theorem of Dade. 

In this section we recall some basic notions on integral closure of rings and ideals. The main 
result in this section is a theorem of Dade, in Theorem 12.151 which characterizes equimultiplicity 
in terms of integral closure of ideals and the dimension of the fibers of the blow up. 

2.1. Northcott and Rees introduce the notion of reduction. Given ideals / C J in a noetherian 
ring B, I is said to be a reduction of J if for some integer n. Equivalently, if the 

inclusion of Rees rings B[IW] C B[JW] is a finite extension of subrings in R[IF]. 

In this case, if Xj —>• Spec(i3) denotes the blow up at I and Xj —)• Spec(R) is the blow up at J, 
there is a factorization Xj —)• Xj which is induced by this finite extension, and hence it is also a 
finite morphism. 

The notion of reduction of an ideal J in B will appear naturally when studying the fibers of the 
blow up Xj —)• Spec(R). Note that if {A,M) is the localization of R at a prime ideal, the fiber 
over the closed point is the projective scheme attached to A/M®aA[JW] = A/M^AgfAiJ)- The 
following result give a useful criterion to produce a reduction, at least for an ideal in a local ring. 

Theorem 2.2. / |25[ Th.10.14] Let [A, M) he a local ring with residue field k, and let J he a proper 
ideal. For a given element a & J, let a* denote the class of a in J k = J/MJ. Given ai,..., 
in J, the following conditions are equivalent: 

i) I = {ai,, Os) generate a reduction of J. 
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ii) The graded k-algebra {k fi'^A(^))/(ai, ■ ■ ■, cl *) is zero dimensional. 

Proof. Set G = {k gcAiJ))/{al, • • •, al) = {k ^a {^[JT]))/{alT,..., a^T). The condition in (ii) 

is equivalent to Gn = 0 for n >> 0, where denotes the homogeneous component in degree n. 

If (i) holds, then IJ^ = for n big, so (ii) holds. Conversely, if (ii) is satisfied, = 

IJ'^ + so IJ" = for n big. 

2.3. When k = A/M is infinite, one concludes from Noether’s Theorem that for an integer, say 
e > dim{k ®a hCAiJ)))-, one can find e elements in J which span a reduction of the ideal. This 
requirement on the residue field is not a restriction for our purpose. In fact, the properties to be 
studied here, such as the multiplicity, are compatible with etale topology. So, when the residue field 
of [A, M) is finite, one can argue at the strict henselization (which does have an inhnite residue 
held), and hnally descent to a suitable etale neighborhood. 

A local ring (A, M) is said to be formally equidimensional (quasi-unmixed in Nagata’s terminol¬ 
ogy) if dim(A/p) = dim(A) at each minimal prime ideal p in the completion A. 

A hrst connection of integral closure with the notion of multiplicity is given by the following 
Theorem of Rees. 

Theorem 2.4. |49] If I <Z J are primary ideals for the maximal ideal in a formally equidimensional 
local ring {A,M), then both ideals have the same integral closure if and only if eA{I) = ca{J). 


2.5. (On multiplicity and hnite extensions) The following theorem, crucial in our discussion, relates 
the behavior of the multiplicity of ideals under hnite ring extensions. 

Theorem 2.6. [571 Theorem 24 p. 297] Let (A, M) be a local domain, and let B be a finite 
extension of A. Let K denote the quotient field of A, and L = K (8)^ B. 

Let Qi,... ,Qr denote the maximal ideals of the semi-local ring B, and assume that dimRg. = 
dim A, i = 1,... ,r. Then 

eA{M)[L:K]= ^ (MRgJ[fc, : A:], 

l<2<r 

where ki is the residue field of Bq^, k is the residue field of {A,M), and [L : K] = dimxL. 

2.7. We say that a ring is pure dimensional or equidimensional when every saturated chain of 
prime ideals has the same length. All rings to be considered here will be pure dimensional and 
excellent, so the localization at any prime is formally equidimensional. Typically we will consider 
pure dimensional /c-algebras over a perfect held, their localizations at prime ideals, their completions 
or their henselizations. 

In our discussion we consider a ring B, as above, and we assume that there is a regular subring 
S <Z B so that the extension is hnite. Let K be the quotient held of S, and let L = R K- For 
example, if X is of hnite type over a perfect held k and x G A is a closed point of multiplicity, say 
n, then after replacing the point by an etale neighborhood, one may assume that X = Spec(i?), 
and there is a regular subring S with the additional condition that L = B <Sis K is of dimension n 
over K (see |9l Appendix 1)]). We say that B has generic rank n over S. Similar statements hold 
for complete pure dimensional local rings containing a held. 

Let P be a prime ideal in B and p = P D S. Let P = Pi, P 2 ..., Pr denote the prime ideals in 
B that dominate p in S. Here we assume that dimPg. = dimS'p, i = 1,... ,r. Then, the previous 
Theorem together with usual properties of the multiplicity of ideals, show that 

[L : K] = ^ eBp.{pBp^)[ki : k] > eppipBp) > eppiPBp). 

l<i<r 
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Corollary 2.8. (of Th \2. Let S <Z B be a finite extension, where S is a regular domain. Let P 
be a prime ideal in B and p = P D S. If Bp is formally equidimensional the following conditions 
1) and 2) are equivalent: 

1) ep^PBp) = [L : K]; 

2) 

2i) P is the only prime in B dominating p (i.e., Bp = B Sp); 

2ii) Sp/pSp = BpiPBp; 

2iii) pBp is a reduction of PBp in Bp. 

The claim follows from Theorems 12.61 and 12.41 

Theorem 2.9. Given S C B as before, and assume that Bp is formally equidimensional at any 
prime P. Set n = [L,K] and consider the finite morphism 5 : Spec(i?) —Spec(5) and let Fn{B) 
denote the set of primes P where Bp has multiplicity n. Then 

(1) eppiPBp) < n at any prime P of B. 

(2) The function S : Fn{B) —)• 6{Fn{B)) is a bijection of sets. In particular, if P ^ Fn{B), 
Bp = B ( 8)5 Sp where p = P (1 S, and the conditions in 2) of the previous Corollary hold. 

(3) If P G Fn{B) and B/P is regular, then 5/(Pn S) = B/P. 

The first two claims follow from the previous discussion. The third is a consequence of (ii) in 
the next Lemma. 

Lemma 2.10. Let Q (Z P be an inclusion of primes in B. Set p = Pins', B = B/Q, S = S/ {QCiS), 
P = P/Q, andp = p/{Qr\S). Then, 

i) If the equivalent conditions in the previous Corollary \2f^ hold for P and p, they also hold 
for P and p. 

ii) If B/Q is a regular ring, then Bp = Sp. 

Proof. The claim (i) is a consequence of the three conditions in 2) of the corollary. For (ii) note 
that Sp C B-p a finite extension of domains, and pBp is a reduction of the maximal ideal of Bp. By 
assumption the local ring Pp is regular, so the maximal ideal does not admit any proper reduction. 
Hence pBp = P Pp. This, together with the other conditions in part 2) of the corollary show that 
Bp has rank one over Sp. This proves the equality (ii), so both rings are regular. 

2.11. A generalization of Rees Theorem. Let I denote an ideal in a local ring {A,M). Let 
f : X ^ Spec(H) be the blow-up at I, and let /o : Xq —)• Spec(H//) be the proper morphism 
induced by restriction. Northcott and Rees defined the analytic spread of I as: 

1{I) = dim{A/M ( 8 )a 9rA{I)) =5 + 1, 

where 6 is the dimension of the fiber of / over the closed point of Spec(j4), or equivalently, the 
dimension of the fiber of /o over the closed point. Note that 1{I) = dim{A) when I is M-primary. 
The height of /, say h{I), is min{d\m Ap) as p runs through all primes containing /, and 

1{I) > h{I) 

with equality if and only if all fibers of /o have the same dimension. The inequality holds because 
the the dimension of the fibers of /o : Xq Spec(H//) is an upper semicontinuous function on 
primes of A/I. In addition, if p is minimal containing I, the dimension of /o~^(p) is dim Ap. 

Let / C J be a reduction of ideals in a noetherian ring P, and let Xj —)■ Spec(P) and Xj —>• 
Spec(P) denote the blow ups at J and I. Since there is a factorization Xj —>• Xj which is finite, it 
follows that l{IBp) = l[JBp) at any prime P in P. 

We refer to Theorems 2 and 3 in 133 for the following result of Boger. 
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Theorem 2.12. Let / C J C \/7 he ideals in a formally equidimensional local ring A. If h{I) = 
1{I), then I is a reduction of J if and only if 

eA^{IAp) = CA^iJAp) 

at every minimal prime p of I. 

2.13. We will draw special attention to the blow up of schemes at regular centers. Over fields of 
characteristic zero resolution of singularities can be achieved by blowing up at regular equimultiple 
centers. We first introduce a characterization of equimultiplicity at the completion of a local ring 
{A, M), to be generalized later as a condition on the ring itself. Here equimultiplicity of a prime P 
at A means that {A, M) and Ap have the same multiplicity. One consequence that we will extract 
from the proof is that such P will also fulfill the condition ht{P) = 1{P) (Theorem [2H5|). 

Lemma 2.14. Let (H, M, k) be an excellent pure dimensional local ring of dimension d, containing 
a field, and assume that the residue field k is infinite. Let P be a prime such that [A/P,M/P) 
is regular. Let [B,M') he the completion of {A,M), and P' = PB. The following conditions are 
equivalent: 

i) e = eA{M) = eAp{PAp). 

a) There is a family yi,... ,yd in B and an integer 1 < s < d, so that (yi,..., yd)B is a reduction 
of M' and {yi,..., ys)B is a reduction of P' = PB. 

In addition, if ii) holds the generic rank of S = k[[yi,... ,yd\] C B is the multiplicity e. 

Proof. The graded ring grA^M) is a /c-algebra of dimension d, and as k is infinite, Noether’s 
normalization ensures that there is an inclusion of graded rings k[Xi,... ,Xd\ C grA{M) which is 
a finite extension, for a suitable choice of Xi G M/M^. Let x* G M be an element with class Xi 
at M/M^. By construction, and by Theorem 12.21 (xi,... ,Xd) is a reduction of M in A, and there 
is an inclusion 5 = /c[[xi,..., x^]] C B, where B is the completion of A, and S C B is finite. Let 
K C L denote the quotient fields of S and B. Excellence ensures that eA{M) = epiM'). Theorems 
Ea and 12.61 show that [L,K] = e = eA{M)] namely, that the generic rank [L : K] is the multiplicity 
of {A,M) (or say of the completion {B,M')), and hence the multiplicity at any prime ideal of B 
is at most e. If P is a prime of multiplicity e, namely if Hp has multiplicity e, and P is a regular 
prime in A (i.e., if A/P is regular), it induces a regular prime, say P' in B, and Lemma 12.101 savs 
that p = P' n S' is also regular. 

Let {x'p,... ,x(^} be a regular system of parameters of S such that p = (x'^,... ,x'j/) for some 
h < d. 

If i) holds. Theorem 12.91 ensures that P' is the unique prime in B dominating p. This can be 
checked replacing S by Sp. In addition, pBpi is a reduction of P'Bpi (see Corollary 12.8|1 . 

We claim now that pB = {x[,..., x'f/)B is a reduction of P' in B. Note first that ht{pB) = l{pB), 
in fact the blow-up of B at pB, is finite over the blow up of the regular ring S at the regular prime 
p. In particular the fibers of the two blow ups have the same dimension; and clearly ht{pS) = l{pS). 
So the claim follow from Theorem 12.121 

Finally, let x'^^p,... ,x(^ be elements in A inducing a regular system of parameters in A/P, and 
note that (xp,..., x/,x/_pi ,..., x'f)B is a reduction of M', as claimed in (ii). 

For the converse, if (ii) holds consider the finite extension S' = k[[yi ,..., yd]] C B. As {yi ,..., yd) 
is a reduction of M', we conclude that [L : K'] = e, where K' denotes the quotient held of S'. As 
{yi,..., yh)B is a reduction of P' in P, it is the only prime in B dominating S' at p' = {yi,..., yh)S'. 
Finally, the conditions in 2) of Corollary 12.81 hold, and hence eBp,{P'Bpi) = [L,K'] = e. 

Excellence ensures that the morphism Spec(P) —?■ Spec(A) is regular, in particular primes in 
correspondence have the same multiplicity. So eAp{PAp) = eBp,{P'Bpi) = e = eA{M). O 

We now present a proof of a result of Dade (see also [371 Corollary p.l21]). 
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Theorem 2.15. Let {A,M) be an excellent pure dimensional local ring of dimension d, containing 
a field, and assume that the residue field is infinite. Let P be a prime such that {AfP, MfP) is 
regular. The following conditions are equivalent, 
i) e = eA{M) = CApiPAp); 
kA,M){P) = ht{P). 

Proof, i) implies ii) is a consequence of the previous lemma. There we shows that if (i) holds, there 
are elements yi,... ,yd in B = A and an integer 1 < s < d, so that {yi,..., yd) is a reduction of 
M' and (yi ,... ,ys) is a reduction of P' = PB. Set S = k[[yi,... ,yd]] C B as above, and note 
that the blow up of B at the ideal {yi,... ,ys)B is finite over the blow-up of S at the regular prime 
(yi,..., ys); so the closed hbers of both blow ups have the same dimension, and the equality in ii) 
is now clear Isee 12 .11]) . 

Let s = ht{P) and assume that (ii) holds (i.e., that the dimension of A/M (8)/i grA{P) is s). 
Theorem 12.21 states that one can choose s elements yi,...,ys in P, which span a reduction of P. 
By assumption dim{A/P) + dim{Ap) = d. Finally, since A/P is regular, one can extend yi,..., y*, 
to say yi,... ,ys,... ,yd which clearly span a reduction of M, so (i) follows from Lemma ETH O 


3. Equimultiplicity and a theorem of Hironaka-Schickhoff 

In this section the main result is the characterization of equimultiplicity in Theorem 13.91 This 
characterization, discussed in the Introduction Isee 11.6.21) . is very geometrical. Here we follow the 
algebraic proof due to J. Lipman, with some minor changes. Some previous technical results will 
be needed, also for our further discussions, and we suggest here a first look at 13.7113.81 and to the 
formulation of the theorem. 

Remark 3.1. The integral closure of ideals in a ring B is an operation which is compatible with 
inclusions of ideals. The integral closure of zero ideal are the nilpotent elements, and an element 0 
is in the integral closure of an ideal J if and only if the same holds at the reduced ring Bred- 
We will assume here that B an excellent pure dimensional reduced ring and B will denote its 
integral closure. Here J will denote the integral closure in the ring B, and J' will denote the integral 
closure in B of the extended ideal JB, so J = B D J'. The inclusion 

P © J © © • • • C P © J' © © . . . 

is a finite extension, and furthermore it is a normalization. Hence the projective scheme defined by 
this latter ring is the normalization of the blow up defined by the former. 

Let X' ^ X ho any proper dominant morphism of reduced schemes, and let I be an ideal in 

Ox- Let P denote the integral closure of the extended ideal P = lOx'- Note that I® n Ox is the 

integral closure of I in Ox- This claim follows from the characterization of the integral closure of 
ideals, and also of proper morphisms, in terms of valuation rings. 

3.2. We consider now rings and ideals in the following situation: 

• S' C P is a finite extension of reduced pure dimensonal excellent rings (not necessarily 
local). 

• S is a regular domain and is a regular prime in S (i.e., S/N is regular). 

• Q will denote the extended ideal NB. 

Note that every non-zero element in S is a non-zero divisor in P. If iL denotes the quotient field 
S, then P is included in L = P which is the total quotient ring, and the minimal polynomial 

over the held K of an element 6 £ B has coefficients in S since the latter ring is normal. The 
following will be a criterion to in our discussion. 
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Proposition 3.3. Fix 9 ^ B = Bred, with minimal polynomial + aiV^ ^ + • • • + am £ 5'[P]- 
Then 9 G (the integral closure of in B) if and only if 


(3.3.1) 

for i = 1 ,..., m. 


i 


> r 


Proof. As N is regular in S, powers and symbolic powers of N coincide. So the conditions in (13.3.111 
ensure that ai G and hence 9 G Q^. For the converse consider the blow up 

Spec(S) ^ X = Proj(S © Q © 0 ...) 

and let C denote the invertible ideal QOx = NOx- The assumptions are such that 

S’©iV©iV^©---C.B©Q©Q^©---C.B©Q'©Q 2 ' 0 ,,, 

are finite extensions, where the latter is the normalization of the middle ring. Set Z = Proj(S' © 
A^© AC^ ©...), and let Cz denote the invertible ideal NOz- Set X = Proj(i? ®Q' ®Q'^ ©...). So 
there are finite morphisms X —>• X —>■ Z, and CzOx = T (see [S51 4.3, p. 336]). 

Clearly QB and the extension of Q to i? have the same integral closure Q' in B. As both are 
invertible at the normal scheme X, also 

TzOjf = QO^. 

In fact, an invertible ideal in an integrally closed scheme is integrally closed. 

If we replace N ® Q ® Q' {in S ® B ® B) hy C C in the previous argument, then 

So if 0 G Q®{gl B), we note that 0 is a global section of {CzYO^. 

As X —)• X —)> Z are affine, an affine cover of Z induces one in X and also in X. One can fix 
finite extensions of rings Si C Bi C Bi so that Spec(5i), Spec(ili), and Spec(ili) are affine charts 
of Z, X, and X respectively, and the restriction of Cz to Si is a principal ideal, say xi5i. As Bi is 
normal, xiBi is integrally closed in Bi and 9 = (00 some element 9' G Bi. In particular, as 

Bi is finite over Si, both 0 and 9' are integral over Si. Note that the minimal polynomial of 9' is 

V- + ^V--^ + --- + ^GK[V], 

where K denotes the quotient field of S. Since S'! is regular, and therefore normal, this equation is 
also in In particular it follows that nxi®) > mi, for f = I,...,m. 0 


Corollary 3 . 4 . Assume now that in the previous setting S ® B is an inclusion of local rings. Let 
{xi,... ,Xd} be a regular system of parameters in S. Fix integers ei,e2 so that 1 < ei < 62 < d. 
Let Qi,Q 2 be two ideals in B, where Qi is integral over [xi,... ,Xef)B, <^nd Q2 is integral over 

{Xe2, - ■ ■ ,Xd)B. ThenQiQ2 = Qi®Q2 (in particular Qi n Q2 CQ1Q2). 

Proof. The inclusion Q1Q2 C Qi H Q2 is clear. Fix 9 G Qi Cl Q2 with minimal polynomial P™ + 

. _j_ g Then, applying the proposition for r = 1: 

® ^ ((^l?***?^ei))C((Xe2;***; ^d) ) ((^l?***?^ei)) * ((^€2 ? • • • ; ^dj ) ((^ 1 ? * * * ?^ei)*(^e2; • • • ; ) • 


Remark 3.5. 1) The previous conclusion applies also for powers of the two ideals. Namely, given 
positive integers r and s, Q 1 Q 2 = Qi® Q 2 (i^i particular n QI C Q^QI)- In fact, note that 
((Xi, . . . , Xei))”n((Xe2, . . . , Xd)y' = ((xi, . . . , XeY^'f-({Xe^, ■ ■ ■ , XdYY = ((xi, . . . , XeiYfXe^,. . . , XdYf. 

2) Note that the equalities in 1), namely Q^QI = Qi H Q| in the ring B, also hold if we replace 
Qi (or Q 2 ) by an ideal with the same integral closure. 
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Proposition 3.6. Let Qi, Q 2 be two ideals in B in the conditions of Corollary \3.4\ Set B = B jQi, 
and Q 2 = Q 2 B/Qi- Then: 

(1) The kernel of the natural surjection B/Qi®b 5 ^b(Q 2 ) —^ 5^(Q2) —>■ 0 is nilpotent. 

(2) The previous statement also holds if Qi or Q 2 are replaced by their integral closure. 

Proof. Both graded rings in (1) are quotients of the Rees ring of the ideal <52, say B[Q 2 W]{c B[W]). 
Let L and L' denote the corresponding homogeneous ideals of definition in B[Q 2 W], so L <Z L'. 
Let [L\n and [L']n denote the homogeneous components of degree n. Then, for each integer n > 0: 

Wn = Qr^ + QiQ^(cQ^) and [L']n = Qr^ + (QinQ^)(cQ^). 

By assumption Qi is included in the integral closure of the ideal Q 1 Q 2 (in the ring B), and 
both are included in Qtf. So a G Qi H Qtf C [L']n fulhlls a relation {a)^ + + • • • + oat = 0, 

with ai G ((xi,... ,Xei){xe 2 , ■ ■ ■ ,Xd)^y in S. In particular a, G {QiQ^Y C QiQ™ ^ [L]ni C Q™) ™ 
the ring B, for i = 1,... ,N. It follows that L' is included in the integral closure of L in the Rees 
ring B\Q 2 W]. In particular both L and L' have the same radical ideal in B[Q 2 W], which proves 
the claim in (1) (the image of L and L' in grg^iB) also have the same integral closure). 

The claim in (2) is a consequence of the proof of (1) and Remark 18.51 2). 

3.7. We now address the question in (|1.6.2p . Let Y C X C W he inclusions of schemes, where Y 
and W are regular. Fix a closed point x G T and assume that x = Y D H, where LI is a regular 
subscheme of W, and Y and H cut transversally and have complementary dimension. Let W •(— W 
denote the blow up at T, then the strict transform of H, say H' induces a proper morphism, say 
H ^ H', which can be identihed with the quadratic transformation of H at x. In addition, there 
is a natural identification of the exceptional locus of LI •(— LI', with the fiber of VF •(— W over the 
closed point x G T. 

It is natural to ask what remains of this identification of hbers when we replace W hj X and LT 
by X = X r\ H] when X X' is the blow up at Y, and X x' is the blow up at x. 

We study now this question in connection to equimultiplicity when X has some additional prop¬ 
erties. Let {A, M) be an excellent pure dimensional ring of dimension d, let P be a prime so that 
{A/P,M/P) is regular (of dimension e = d — ht{P)). Fix xi,... ,Xe in M which induce a regular 
system of parameters in A/P, and set {A, M = {A/{xi,... ,Xe),MA). 

Note that M = (xi,... ,Xe) + P, and the previous question, reformulated in algebraic terms, 
leads us to the surjection A/M (8)^ grA{P) 5^'j(-^)- This is an isomorphism when (A,M) is 
regular, which provides the natural identification of fibers in the regular case, and, in general, the 
surjection indicates that there is a closed embedding ^“^(x) C 7r“^(x). The following Theorem 18.91 
characterizes equimultiplicity by the condition 'W~^{x)red = '^~^{x)red- In addition it will give us 
an extra criterion, used in our forthcoming discussion, which involves the tangent cone of X at x. 

3.8. Let {A, M) be a local ring. Given a prime P there is a naturally defined homomorphism 
A/XI Ga grA{P) —^ gi"A{XI)- Assume, as above, that {A/P,M/P) is regular of dimension, say e, 
that xi,... ,Xe are elements in M that induce a regular system of parameters in A/P, and hence 
AI = (xi,..., Xe) + P. There is a surjective homomorphism, say {A/M Ga grAiP))[Xi,..., Xg] -A 
grA{AI) -A 0 which is non-canonical, defined by mapping Xi to the class of x* in M/M^, or say 

{A/M (8 )a grA{P)) ®A/M grA/p{M/P) -A grA{M) -A 0. 

Theorem 3.9. iHironaka-Schickhoffl [871 Theorem 5] Let {A,M) he an excellent pure dimensional 
local ring of dimension d, with an infinite residue field. Let P be a prime such that A/P is regular, 
and fix {xi,..., Xg} as above. Set 
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(3.9.1) H G 

{A/M 9 rA{P))[Xu.,X,] -J-- grA{M) ^ 0 

|,7r ],7ri 

A/M ®A grA{P) -^^ gr-AiM) 0 

H G 

where 

• {X, M) = {A/{xi,..., Xe),MA); 

• A/M ®Ag'<'A{P)) gfA{XI) is the natural map, and $ maps Xi on Xi; 

• 0 : A/M g^AiP) —^ g^Tii^h) is the natural surjeetion, as PA = M; 

• vr : {A/M®AgrA{P))®A/MgrA/p{M:/P) = A/XI®AgrA{P)[Xi ,... ,Xe] A/M®AgrA{P) 
is defined by setting 7r(Xj) = 0, i = 1,..., e. 

Then the following conditions are equivalent: 

(1) The kernel of the surjection $ is nilpotent. 

(2) eA{M) = eAp{PAp). 

(3) The dimension of A is d — e and the kernel of the surjection Q is a nilpotent ideal. 

Proof. (1) ^ (2). If (1) holds, both rings have the same dimension. The dimension of grA{M) = 
d (the dimension of A), and we conclude from this that the dimension of A/M (8)/i grA{P) is 
d — e, namely that 1(^a,m){P) = ht{P), and the claim follows from our first characterization of 
equimultiplicity in Theorem 12.151 

(2) ^ (3). If 2) holds, then 1(a,m){P) = ht{P) (Theorem [2T5]) , so the dimension of the graded 

ring A/XI ®AgfA{P) is ht{P). We assume that A/M is an infinite field so one can choose elements 
yi,..., ys in P, for s = ht{P), which span a reduction of P. Recall that M = {xi, ..., Xg) + P, and 
note that M is the integral closure of the ideal spanned by yi,..., ..., Xg. Here s = ht{P), 

e = dim{A/P), and s + e = d. So {yi,..., y^, xi,..., Xg} is a system of parameters. Finally, one 
can argue as in Theorem 12.151 so that (3) follows from Proposition 13.61 (i). 

(3) => (1). Note that (3) implies that dim{H) = dim{G) = d — e. Recall that the dimension of a 
local ring equals the dimension of the graded ring for the latter equality. 

As dim{H) = dim{H) + e, and the previous remark says that d = dim{G) = dimG + e, we 
conclude that d = dim{H) = dim{G). 

We claim now that G is pure dimensional. Let Spec(A) •(— X denote the blow up at the closed 
point. Since A is an excellent pure dimensional excellent scheme, the same holds at X. Therefore 
all irreducible components of the closed subscheme of X defined by the invertible ideal MOx, 
namely Proj{G), have the same dimension. Therefore the ring G is also pure dimensional. 

We finally turn to the study of $ : {A/M (g)^ yr^(P))[Aii,... ,Xg] —)• grA{M) -A- 0 under the 
two assumptions obtained from (3): that both rings have the same dimension, and that grA{M) is 
pure dimensional. This already shows that the ideal /cer(<h) is contained only in minimal primes. 
To prove that ker{^) is nilpotent, we must show that it is contained in all the minimal primes of 
H. Let q/, i = 1,... ,m denote the minimal primes in P = A/M grA{P), and let 

qi = q*H, i = l,...,m, 

denote the extension via the inclusion H = A/M (g)^ grA{P) C H. Clearly q^, i = 1,... ,m, are the 
minimal primes in H. We now hx an index zq and show that ker{^) C qig,. The inclusions 

ker{^) C 7r"^(A;er(0)) = {ker{Q))H + (Ai,... ,Xg) C qi^ + {Xi,... ,Xg), 

follow from ker{Q) C q*^, the dehnition of tt, and the commutativity of the diagram. 
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As dimG = dim// we note that the primes which contain ker<h, and are minimal with this 
condition, are also minimal primes in H. Therefore the prime qig + (Aii,..., Ag) contains a prime 
of the form qj = qjH, for some index j, say A:er(<h) C qj C qi^ + (Ai,..., Xg). So 

{q,, + (Ai,.. .,Xe))nHD qjnH = q* 

for some index j. On the other hand, as H = H[Xi ,..., Ag], and qi^ = q^^H, one checks that 

{q,, + {Xu...,Xe))nH = q*^. 

This shows that io = j, q*^ = q* , so ker{^) C qi^ for zq = 1,..., m. O 

4. On the stability of transversality under blow-ups. 

4.1. We only consider here noetherian rings that are excellent, that contain a field, and with the 
property that all saturated chains of prime ideals have the same length. 

This class is closed by blow-ups, and if B is in this class, the localization at any prime ideal, say 
Bp, is formally equidimensional (a requirement in Theorem 12.41 crucial in what follows). 

As indicated in [2771 one can usually assume that B contains and is finite over a regular ring S, a 
fact that will show up in our discussion. Set L = B ®s K where K is the quotient field of S. In 
what follows set n = dim^T (the generic rank of B over S). Then Theorem 12.61 ensures that, for 
any prime P <Z B, the multiplicity eBpiPBp) is at most n. If n = 1 then S = B is regular. 

We will assume that n > 1, and Fn{B) will denote the set of primes of multiplicity n in B. 
If d denotes the Krull dimension of B, then d is also the dimension of the regular ring S. By 
assumption, if P' is a minimal prime in B, then B/P' is d-dimensional and hence P' di S = {0}. 
By general properties of the multiplicity, in order to study the set Fn{B), we may assume that B 
is included in L (we may replace B by its image in L), namely that non-zero elements in S are non 
zero divisors in B. In fact, there is of course a surjective morphism 

(4.1.1) B^B'cB^sK 

by taking B' as the image, so there is a closed immersion Spec(B') C Spec(B). Since B is pure 
dimensional, the kernel oi B ^ B', say J, is the intersection of the p-primary components of the 
zero ideal in B corresponding to the minimal prime ideals of B. In particular, J is supported in 
dimension at most d — 1, and one checks from this that 

(4.1.2) Fr,{B) = Fn{B'). 

The finite ring extension dehnes a finite morphism 5 : Spec(B) —>• Spec(<S'). We say that an 
irreducible regular center Y C Spec(B) is transversal to the morphism if the multiplicity of Bq is 
the generic rank, where Q denotes the generic point of Y. We show now that the generic rank is 
naturally compatible with blow ups at transversal centers. In addition, we show in Theorem 14.61 
that in order to study the highest multiplicity of B it is possible to assume that it is complete 
intersection. Let us first recall some properties that hold in this setting. 

Proposition 4.2. 1) Let S <Z B be a finite extension as above of generic rank n, then: 

li) The highest possible multiplicity along primes in B is at most n. 
lii) 5 : Spec(B) —)• Spec(S) maps Fn{B) homeomorphically into its image 6{Fn{B)). 

2) Let Q C B be a prime in Fn{B), and assume that B/Q is regular. Let p = Q n S'." 

2i) The natural inclusion S/p C B/Q is trivial, namely S/p = B/Q, in particular both are 
regular rings. 

2ii) There are elements 9i,... ,9m in Q so that B = S[0i,..., 9m], o.nd Q = (pB, 9i,..., 9m)- 
2iii) Q is the integral closure of pB in B, in particular the elements 9i,... ,9m co-n be chosen in 
the integral closure ofpB. 


ON THE SIMPLIFICATION OF SINGULARITIES BY BLOWING UP AT EQUIMULTIPLE GENTERS 


15 


Proof. The statements in 1) and also 2i) have been proved in Theorem 12.91 

2ii) As B is finite over S, B = , 6'^ for suitable elements 9'^,..., 6'^ in B. Finally, 

as B/Q = S'/p, one can find elements Ai,...,Am E S, so that 9 = 9'^ — Xi G Q. Clearly B = 
Sf^i,.. .,9m], and Q = {pB,9i,.. .,9m)- 

2iii) It suffices to prove the claim at the localization B-^ for every prime containing Q. We 
claim that if Q E Fn{B), also Tl E Fn{B). Firstly note that the multiplicity of S at 971 is at 
most n = dim/c(i? K). A theorem of Nagata ensures that es(971) > esiQ). His proof requires 
conditions on the local ring B^ which are fulfilled as we assume B^ to be excellent and pure 
dimensional ([lOl p. 153]). So 971 E Fn{B) for any prime 971 containing Q. 

Set p = Q n S, and Ad = 971 n S. Note that Sm/P^m is regular. 

Under these conditions Sm is regular and p is a regular prime, so one readily checks that 
l{p) = h{p) at Sm, namely that all fibers of the blow up at p, over points in U(p) C Spec(S'), have 
the same dimension (see also [371 Corollary 4.6, p.l35]). 

As 971 is the only prime in B dominating A4, B^ is finite over Sm, so the blow up of B^ at 
pB,jji is finite over the blow up of Sm at p. In particular the fibers over the closed points have the 
same dimension and therefore /(pHgjj) = h{pB,jji). 

Note here that Q = ,/p in B^ and the conditions in 12.81 hold for Sp C Bq, so pBp is a reduction 
of PBp. Finally 2iii) follows from Boger’s Theorem 12.121 O 

4.3. (On localizations and quotients.) It is clear that the generic rank of S' C B is not affected 
when S is replaced by a localization. Moreover, the results in the previous Proposition 14.21 are 
clearly compatible with localizations at S. Our next result shows that there is a compatibility with 
quotients, say of B by an ideal J. We assume here that B/J is pure dimensional so as to remain 
in the class o 

Corollary 4.4. Let the notation and conditions be as in \ 4 .^ Assume that the generic rank of B/J 
over S is an integer m > 1 (in particular, we assume that B and B/J have the same dimension), 
then Fn{B) C Spec(i?/J), and furthermore, Fn{B) C Fm{B/J). 

Proof. As m = dimi<'(H/J) > 1, the finite morphism Spec(i?/J) ^ Spec(S) is surjective. We may 
enlarge J and assume that B/J C K ®s {B/J). Choose p E 6{Fn{B)). There is a unique prime P 
in B dominating p fCorollary 12.81) . and P E Fn{B). Since Spec(B/J) —Spec(5) is surjective, P 
must contain J. So it induces a prime, say P in B/J. Finally localize 5 at p and check that as the 
conditions in 2) of Corollary 12.81 hold for P at Bp, they also hold at {B/J)p. 

4.5. Fix S C B subject to the conditions in 14.11 Set B = S[ 9 i,... , 9 m\- We will assume that 
diniK{B ( 8)5 K) = n > 1 , and that 

(4.5.1) BcB^sK- 

Let fi{Z ),..., fm{Z) E K[Z] denote the minimal polynomials of 9i,..., 9m over the held K. In 
[56] . Lemma 5.2, we show that if (14.5.11) holds, then fi{Z),..., fm{Z) E S[Z] (i.e., the minimal 
polynomials have coefficients in S). 

Let di denote the degree of fi{Z), we may and will assume that di > 2, i = 1,... ,m. Namely, 

(4.5.2) B = ..., 9 m] and di = deg{fi{Z)) >2 ,i = 1,... ,m. 

The following result provides a description of the highest multiplicity locus. 

Theorem 4.6. [56l 5.7] Fix B = 5[6*i,...,6*m] o,s above. Then, if diniK{B ( 8)5 K) = n, a point 
p E Spec{S) is the image of a point of multiplicity n in Spec{B), if and only if p is the image of a 
point of multiplicity di{> 2) in Spec{S\Z]/{fi{Z))), for every index i = 1 ,... ,m. 

4.7. Fix an inclusion S' C B of generic rank n as in Prop 14.21 and a prime Q in Fn{B), so 
that B/Q is regular. Consider now a prime 971 containing Q (as in the proof 2 iii) of Prop [32]) • 
Let Ai, p, in S, denote the primes dominated by 97T and Q respectively. 2iii) of Prop 1321 savs 
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that the natural inclusion of Rees rings S'[pTy] C B[QW] is a finite extension of graded rings. In 
particular the inclusion defines a finite morphism, say X = Proj(R[(5IR]) —)• R = Proj(S'[(jrIR]). 
Here Spec(S') •(— R is the blow up of a regular scheme at a regular center. So given the previous 
setting, and after replacing S hy Sf for a suitable f ^ A4, we may assume that there are elements 
{xi,... ,Xr,Xr+i, ■ ■ ■ ,Xd} in S, which are a regular system of parameters at Sm, and such that 
{xi,..., Xr} span the regular ideal p. In this way one can cover R by charts of the form Spec(S't) 


(4.7.1) 


St 



{cK),t = l,.. 


r. 


Fix the setting and notation as in (|4.5.2p . Recall that we assume that B/Q \s regular, and the 
discussion in the proof of 2ii) shows that in this case one can choose elements, say Ai,..., Am in S 
(at least locally at any maximal ideal containing Q) so that 6i — \i G Q, for i = 1,... ,m. Note 
that the minimal polynomial of the element 6i — A* can be extracted from the minimal polynomial 
of Oi (from fi{Z)) by a change of the variable Z in S[Z\. Let 


(4.7.2) 




denote the minimal polynomial of 6i — Aj, so that di = deg{fi{Z)) = deg{hi{Z'^) > 2, and 


(4.7.3) 


R = 5[0i-Ai,...,0m-Am]. 


The following result is to be understood as a form of stability of the setting in Theorem 14.61 
(stability of transversality) when blowing up at smooth equimultiple centers. 


Theorem 4.8. [561 Section 6 . 8 ] Fix the notations and conditions as before, in particular assume 
that Ii4-d-l\ ) holds, and let n denote the generic rank of B over S (n = dimxiB ( 8)5 K)). Let 
d = dimR = dim S'. Assume that Y C Spec(R) is regular irreducible with generic point Q, that it 
is included in the Fn{B) C Spec(R), and that dimT < d. Then a commutative diagram 


(4.8.1) Spec{B)^ -^-X 

5 <5i 

Spec{S) ^-R 

tt' 


is given, where the horizontal morphisms are the blow ups at Y and S{Y) respectively, and is a 
finite dominant morphism. Moreover: 

1) Given a point M. G 6{Y), and after taking a restriction o/Spec(5) and 5 : Spec(R) —Spec(S') 
to a suitable affine neighborhood of M., the blow-up R can be covered by affine charts Ut = Spec(S'i), 
t = 1,... ,r, as in (l4.7.1^ , and X by charts Vt = 5^ ^{Ut) = Spec(Rt), where 


(4.8.2) 


Bt = St 


01-Xi 
xt 


0M — Am 
Xt 


2) Non-zero elements in St are non-zero divisors in Bt and K ^St Bt = K ( 8)5 B is the total 
quotient field of Bt. In particular n = dimxiBt ®St B), and the conditions in \4.1\ hold. 

3) The minimal polynomial of is 


(4.8.3) 


K{W^) = + + ^ eSr[Wi], 

Xt xA 


namely, the strict transform of that in 7. 2^ (and Wt denotes the strict transform of Z[). 


4.9. (On the proof of the Theorem). Let us outline the main ingredients for the proof which is 
very simple, and refer to [56] for more details. To fix ideas take, as before, two primes Q C 5JI in 
B, both of multiplicity n. Set p = Q n S and M. = M n S. We assume here that B/Q is a regular 
ring. Proposition 14.21 says that that p is regular in Sm and pR is a reduction of Q. This latter 
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condition says that the natural inclusion C Sm B\QW\ is a finite extension. This 

finiteness already ensures the existence of the square diagrams in (I4.8.ip . The construction of the 
charts and the assertions 1), 2), and 3), are rather straightforward by checking the claims at each 
affine chart of the two blow ups (|4.8.2I) . 

We now sketch a proof of the following theorem, also due to Dade m)- Given B as before, 
with maximum multiplicity n at its prime ideals, our proof uses the existence of a finite extension 
S G B, where S' is a regular domain, and the generic rank of this extension is n. This is not an 
additional condition for rings in the class which we are considering (see ED, where one can argue 
locally. One produce such finite extension at the completion of the localization of 5 at a prime. 

Theorem 4.10. Let X X' be the blow up at a regular center Y, equimultiple at x £ Y. Let 
x' G X' map to x, then e{Ox,x) > e.{Ox',x')- In particular, ifY is regular and equimultiple 

max Mult{X) > max Mult{X'). 

Proof. In our discussion we consider X to be excellent and pure dimensional. Replace X by 
Spec(i?), an open neighborhood of x, and fix the notation as in the previous Theorem 14.81 for a 
suitable inclusion S C R, of generic rank n = e{Ox,x)- Note that for each index t, the generic rank 
of Bt over St is the same of that of B over S. So the claim follows from li) in Proposition 14.21 

Remark 4.11. Fix the setting as in Corollary 14.41 for Spec(R/J) C Spec(R). Fix Y C T„(i?)(c 
Fm{B/J)) as in Theorem 14.81 and note that the diagrams as in (I4.8.1|) . for the blow ups of Spec(R) 
and Spec(i?/J) respectively, induce an inclusion at the blow ups, say X[ C X'. Moreover, the 
previous conditions hold for this closed embedding, in particular Fn{X') C Fm{X[). 

5. Approaching a scheme by a complete intersection. 

We discuss here an interesting property of the multiplicity studied in [SB]. We show there that 
in order to reduce the multiplicity of a scheme by blow ups at equimultiple centers, it suffices to 
consider the case in which the scheme is a complete intersection. In fact, to a complete intersection 
with further additional properties; for example an equimultiple center will also be normally flat in 
the sense of Hironaka. 

Starting in l5.6l we present some technical results which lead to our (inductive) Lemma fS.Tl crucial 
for the proof of Main Theorem 11.41 

Remark 5.1. Set B = 5[0i,... ,9m] and di = deg{fi{Z)) >2, z = 1,..., m, as in (|4.5.2p . where 

5 C R is of generic rank n > 2 (i.e., dimii'(R 0s K) = n >2). 

Let S[I4i,..., Vm] be a polynomial ring over S with m-variables, and consider now 

(5.1.1) B' = S[Vi,..., Vm]/{fl{Vi), . . . , fm{Vm)} = S[Vi] / {fi{Vi)) 0s ' ' ' <^8 S[Vm] / {fm{Vm)) ■ 

Note that B' is a finite and free extension of S of rank D = di ■ d 2 . dm- 

Set B' = S[Pi,..., Vm\ where Vi is the class of V), and note that fi{Vi) G ^[Vi,..., Vm] is the 
minimal polynomial of Vi over S. There is, in addition, a natural surjection of finite 5-algebras 

B' = 5[Fi, ...,Vm]^B = 5[01, .. .,em], 

where each Vi maps to 6i, and both elements have the same minimal polynomial over S. Let 

6 : Spec(R) ^ Spec(5) and 6' : Spec(R') ^ Spec(5) be the corresponding finite morphisms, 
let Fn{B) C Spec(R) denote the points of multiplicity n, and Fd{B') C Spec(R') be those of 
multiplicity D. A consequence of Theorem 14.61 is that 

(5.1.2) S{Fn{B)) = 8 '{Fd{B')). 

Moreover, the natural inclusions Spec(R) C Spec(R') C IF = Spec(5[Fi,..., Vm]), where the latter 
is the regular scheme IF = Ag , together with the bijections given in Prop W?2\ ensures that 

(5.1.3) Fn{B) = Fd{B') C if. 
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Let Hi be the hypersurface in W defined by the polynomial fi{Vi) G ^[Li,..., Vm], so 
(5.1.4) Spec{B') = HinH 2 n---nHmCW, 


(scheme theoretical intersection). Each hypersurface Hi has at most multiplicy di, and 
(5.1.5) Fn{B) = Fd{B') = Fd,{Hi) n • • • n Fd^{Hm). 

Let Y C Spec(i?) be a regular center included in Fn{B) and consider the diagram (14.8.11) de¬ 
fined by the blow ups. Recall that the regular scheme R is covered by charts given by rings 
(C K),t = l,...,r (see (14.7.11) 1. and Spec(5t) = Spec(Rt), for Bt = 

(|4.8.2p . In addition, Theorem 14.81 savs that the minimal polynomial of 


S, = S 


£1 
Xt ' 


St 


01-Xi 

Xt ' 


’ Xt 

— A' 


is the strict transform of hi in (14.7.21) . which is obtained from /j by a change of variables (see 
(j4.8.3p l. So the inclusion Spec(R) C n • • • H H^ induces the inclusion, say 

Xi d H[r^ ■ ■ ■ H'^ 

after blowing up, where is the strict transform of Hi (see also Remark 15.3p . So again 
(5.1.6) F„(Xi) = Fd,{H[) n ... n F,^{H'J 


as the Theorem also provides a natural transformation of the data in (|4.5.2I) . 

The same argument, applied by iteration, shows that similar properties hold for any sequence of 
blow-ups at regular centers included in the set of points of multiplicity n. Namely a diagram, say 


(5.1.7) 


Xo 

= Spec(R) — 

— Xi- 



(^0 

' 


Si 

Rq 

:= Spec(5) ^— 

- Ri- 


Sj- 


R 


r 


is dehned, where the vertical maps are finite morphisms that induce homeomorphisms, say 5i : 
Fn{Xi) —>■ 5i{Fn{Xi)) for each index i = 1,..., r. In addition, for each i there is an inclusion 

(5.1.8) Xid X'i = H^'^ d---r\H^^ dWi 

where each Hj is a hypersurface in the regular scheme Wi, and Hj is the strict transform of 
Hj^ . Moreover, for i = 0,1,..., r: 

(5.1.9) Fn{X,) = FniXl) = T,,(fP) n .. • n Frf„(F«). 

Remark 5.2. Let x G X be a closed point of multiplicity n. If X is a pure dimensional scheme of 
finite type over a perfect field, then at a suitable etale neighborhood of the point, say Spec(i?), there 
is a regular subring S so that S' C R is of generic rank n. When the characteristic is zero one can 
use the the previous results to produce a Rees algebra in Spec(5), so that if the lower row in p5.1.7p 
is a resolution of this algebra, then the upper row is a simplification of the singularity (see [56j 
Section 7.1, and apply maximal contact to eliminate the variables {Xi,... ,Xm} iR(2)). In other 
words, in characteristic zero the simplification of the multiplicity locally at x G X is rephrased as a 
resolution of a Rees algebra on the scheme Spec(S'), which is regular and of the same dimension as 
X. If we set as before B = S'[0i,..., 9^], then the Rees algebra in Spec(S') is constructed in terms 
of the coefficients of the minimal polynomial fi(y) ()see 14.51) . 


Remark 5.3. We claim that each X( is the strict transform of X[_^ in (j5.1.8p . To prove this we 
show that Spec(R') is a complete intersection with very strong additional properties. In fact, (15.1.11) 
presents it as a fiber product of hypersurfaces which are finite over a fixed regular space Spec(5). 
Let Y is an irreducible regular center included in FD{B'){d Spec(5[Ri,..., Vm])), defined by a prime 
P in 5[Ri,..., Vm]- Set p = P d S, which is regular in S. The previous discussion shows that for 
each index i = 1,..., m, and after a change of the variable V) in ^[V)], we can assume that V) G R, 
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and fi[Vi) G In other words, one can assume that P = (p, I/i,..., Vm) and fi{Vi) G (p, Vi)'^\ 
Identify, for simplicity, Vi with Inp{Vi), so that grs[Vi,...,Vm]iP) = • • •, I4i]- 

One can check now that each Inp^fiiVi)) is monic in Vi, of degree di, and that {/np(/i(Vi)), i = 
1,... ,m} form a regular system on the graded ring grs[VT_,...y^]{P)- This implies that 

(5.3.1) Inp{{h{Vi ),..., fm{Vm))) = {Inp{fi{Vi )),..., Inp{U{Vm))), 
in grs[Vi,...,Vm]{P)i so if Q' denotes the class of P in B', 

(5.3.2) grp'iQ') = 5r5[Ui,...,u„](^)/(/np(/i(^i)), • • ■ ,Inp{f^{V^))), 
and furthermore, 

(5.3.3) grp'iQ') = ®i{grs[Vi\{Pi))/{InPiifi{Vi)), 

where Pj = (p, V^), i = 1,..., m. 

As Spec(i3') is the closed subscheme in Spec(5[Vi,..., !/)„]) defined by the ideal spanned by 
fi{Vi),fm{Vm), the equality (15.3.ip ensures that the blow up at Y is defined by the strict 
transform of these m hypersurfaces. This proves our claim, namely that is the strict transform 
of X[_^ in (|5.1.8|) for i = 1,..., r. 

In addition, we claim that T(C Fd{B')) is a normally flat center at Spec(P') (i.e., that grp'iQ') 
is flat over B'jQ' = S/p). Equivalently, that the Hilbert-Samuel function of Spec(P') is constant 
along closed points in Y (see also El]). To check this note that grpy^^Pi))/{Inp^{fiiyi)) is finite 
and free of rank di over S[V)]/Pj = S/p, for i = 1,..., m. So the claim follows from (|5.3.3|) . 
Therefore, and as was indicated in (ll.b.ip of the Introduction, (|5.1.911 can be refined by: 

(5.3.4) Fd{X') = Mm multx' = Mm HSx'^ = ) n • • • n (P«). 

5.4. In connection with the previous discussion let us mention that this is a particular case of 
Hironaka’s notion of idealistic presentation. And one can show that he hypersurfaces defined by 
/i(Vi),..., fm{Vm), together with the integers d*, i = 1,..., m, form an idealistic presentation of 
the complete intersection Spec(P') (but not of Spec(P)!), as a subscheme of the regular scheme 
Spec(S[Ei,..., Vm]), in particular: 

(1) {Fd{B') =)MMmultspec(R') = MM^^Sspec(R'); 

(2) X[ is the strict transform of Xl_^ in (I5.1.8P for i = 1,..., r; 

(3) (Fn(Xn =I Max mult V/ = MaxffS^r 

(see [32l (A), (B), (A’), (B’) in p. 52, or Theorem 1, p. 100]. And this would also prove p5.3.4p . 

5.5. The rest of this section is devoted to Lemma 15.71 used in the proof of Theorem 11.41 

We now add an additional condition to the data in (|4.5.2p . which will be useful for the proof 
of Theorem 11.41 Suppose now that S = 5*1 [E], where Si is regular of dimension d — 1, and fix a 
monic polynomial gb{V) = V^ + ciV^~^ + • • • + c;, G Let Hf, C Spec(5) be the hypersurface 

defined by this polynomial. Note that b is an upper bound for the multiplicity of Hb at any point. 
Let Fb{Hb) denote the (closed) set of points of multiplicity b, and assume that the following hold: 

(a) 6{Fn{B)) C FbiHb) (C Spec(A)); 

(b) for any sequence as in (15.1.711 . d(P/(Xj)) C Fb{H^'^) (c Ri), for 0 < i < r, where 
denotes the strict transform of Hb- 

Remark 5.6. Let us indicate that the additional condition in 15.51 occurs very naturally already in 
the study of the multiplicity of a hypersurface, and it will lead us to the construction of a new scheme 
in Lemma [5.71 which is a complete intersection with properties similar to those of B' in (15.1.11) . Fix 
an index i^, 1 < io < m. Fix a point in x G IT = Spec(5[ViQ]) where the hypersurface defined by 
multiplicity dj^. So fi^iVi^) has order di^ at the local regular ring Ow,x, and the initial 
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form luxifio) is homogeneous of degree in the polynomial ring gro^^{Mx). Assume that the 
residue field of Ow,xi say fe(x), is perfect. In this case Hironaka’s r-invariant of this hypersurface at 
X is the least number of variables needed to express luxifi^) in this graded ring. So t{x) > 1; and 
r(x) = 1 if and only if luxifig) is a power of a linear form. On the other hand, if r(x) > 2 then at 
a suitable neighborhood one can set S = 5'i[y], where now Si is regular of dimension d — 1 and V 
is a variable over Si, and find a monic polynomial gh{V) = V^ + ciV^~^ + • • • + c;, G (S =)Si[y], so 
that Hi, C Spec(S) fulfills the condition in l5.5l A proof of this fact, where techniques of elimination 
are used, follows from [55l Proposition 5.12]. 

Let Spec(i?') C Spec(S[Vi,..., Pm]) be given by (15.1.11) . let P be the prime in S\Vi,... ,Vm] 
corresponding to the point x, and Q' = PB'. Note that (15.3.ip and (|5.3.2I) ensure that 

(5.6.1) gvB'JQ'B'Q,) = grs[v,,...,v,^]APS[Vi ,..., Pm]p)/(/np(/i(Pi )),..., Inp{fUVm))). 

The previous discussion says that either the additional condition in 15.51 holds, or each initial form 
Inp{fi{Vi)) is a power of a linear form. In this latter case the ring {grpi BQ,))red is regular. 

Lemma 5.7. Let the setting and notation be as m l 5. 51 Set B' = B'/{gi,{V)), which is finite over 
Si (of dimension d — 1). Let s be the highest multiplicity at primes of B'. Then 

(1) Fn{B) = Fd{B') = Fs(W) (C Spec{B')). _ 

(2) For any sequence as in |5.1.Tj ), Fn{Xi) = Fp){X() = Fs{X'i) (c X(), for 0 < f < r, where 
X'i C X[ denotes the striet transform ofSpec{B'). 

(3) Any sequence X' •(— X'l •(—•••■(— Xfi, defined by blowing up regular equimultiple centers 
ineluded in the closed sets of points of multiplicity s, induces a sequence as in (2), where, 
in particular, Fn{Xi) = Fs{X'i), 0 < i < r. 

Proof. Consider B' and B' as quotients of S[Pi,..., Vm\. B' is defined by the equations fi{Vi) G 
S[Vi], i = 1,... ,m, and these, together with gtiV) G S = Si[P] define B'. Choose a regular prime 
P in S[Pi,..., Vm] as in 15.31 which induces a prime Q' in B', of multiplicity D, and Q' in B'. 

Recall that we can assume that p G P and each Inp{fi{Vi)) is monic in p, of degree d,, and 
hence that {Inp{fi{Vi)),i = 1,... ,m} form a regular system on the graded ring grs[Vi,...,Vm]iB)- 
The same argument applies for gbiV) G S = Si[P], so assume that P G P and that Inp{gb{V)) is 
monic in P, in grs[v^,...y,^]{P) = grsi[v,Vi,...,V„,]iP)- 

We also conclude that {Inp{fi{Vi)),i = 1,... ,m} U {Inp{gb{V))} is a regular sequence. This 
ensures that 

(5.7.1) Inp((/i(Pi),...,/m(Pm),5b(^))) = (/np(/i(P)),...,/np(/m(Pm)),/np(ffPP))), so 

(5.7.2) gr^m = grsy,...,v,^]iP)/{InpifiiVi )),.. .,Inp{fm{V^)),Inp{gb{V))). 

Therefore the strict transform of Spec(P') C Spec(5[Pi,..., Pm]) is defined by the strict transform 
of {/i(Pi),...,/m(Pm), ^^(P)}- The Lemma follows now from the assumption in (|5.5p . and the 
commutative diagrams (|5.1.7p . 

6. Group schemes and the stratification of affine cones 

6.1. The main result in this section is given in Theorem 16.71 where we study the stratification 
defined by the multiplicity on an affine pure dimensional cone. This will lead us to the notion of 
group schemes, also used in the formulation of Theorems 11.71 and 11.81 We recall very briefly this 
concept and specify in 16.21 the properties used here. We refer to m Chapter 2] for this notion. 

Fix a commutative ring, k. In order to define a group (or monoid) structure on a (affine) k- 
scheme Spec(P), it is convenient to view the scheme as a functor from the category of /c-algebras 
to that of sets: 


Gp : Afc —^ Etls 
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namely, as the functor mapping the /c-algebra A to the set of homomorphisms of /c-algebras 
Gb(A) = Homk-aig{B, A). To this end we fix a finitely generated fc-algebra B together with 
a /c-homomorphism, say A ; i? —)■ B0kB. Then, for each A G Ak, and using the universal property 
of tensor products, we get a function 

Homk-alg{B,A) X Homk-alg{B,A) Homk-algiB,A), 

which is functorial in A. Roughly speaking, we say that the pair {B,A) defines an affine group 
(monoid) scheme when the previous function defines a group (monoid) structure on that set, and 
this structure is functorial. In such case Gb ■ Ak G (Gb ■ Ak —)• A^) is a functor with values in 
the category of groups (monoids). 

A first example arises when we fix a finitely generated module M over a ring /c, and consider the 
symmetric algebra Sk[M] = B. In this case, the universal properties of symmetric algebras says 
that we can also view Gb{A) as the group of morphisms of /c-modules, namely 

Gb{A) := Homk-aig{B,A) = Homk-mod{M, A). 

Note that the morphism of /c-modules 5 : M ^ M (B M, 5{m) = {m,m) induces a homomorphism 

A : Sk[M] ^Sk[M®M] = Sk[M] (Bk Sk[M], 

of /c-algebras. One checks that the pair {Sk[M], A) defines a group scheme, and each A G Ak we 
recover the group structure of Horrik- mod{M, A). 

Suppose, finally, that we fix two /c-algebras B, and B\ and two homomorphisms, say A ; R —)■ 
B®kB and Q : B' ^ B®kB', and assume that the pair {B, A) defines a group or monoid structure 
on Gb- Note that 0 induces, for each A G Ak, a function 

Gb{A)xGb'{A)^Gb'{A). 

which is functorial in A. We say that the affine group scheme (monoid seheme) Gb aets on Gb' if, 
for each A G Ak, the previous map is an action of the group (monoid) Gb{A) on the set Gb'{A). 

We now discuss an example of particular interest in the study of affine cones (of graded k 
algebras): Consider the affine monoid scheme Gk[x], given by {B = k[X],A), where A ; k[X] —)■ 
k[X] 0k k[X] = k[Xi,X 2 ] maps X to XiX 2 - Fix a /c-algebra B', and a homomorphism Q : B' ^ 
B 0k B' = B'[X\. One can check that 0 defines an action of the affine monoid scheme Gk[x] oa 
Gb' if and only if 0 : R' —)■ B'[X\ defines a graded structure on B' in a natural manner. By this 
we mean that a graded structure is defined on B' so that 0 becomes a homomorphism of graded 
rings, where is endowed with the grading of the powers of X. In particular, if we fix a 

/c-module M, the natural grading on the symmetric algebra Sk[M\ can be seen as a homomorphism 
Sk[M] —)■ Sk[M]0kk[X] = 5fc[M][A], which maps m to mX for each m G M. One can finally check 
that this induces an action of the affine monoid scheme Gk[x] the affine scheme Here 

Gk[x] is to be understood as the scheme of scalars, acting on the abelian group scheme Gg^yj^y 

In our discussion we fix a field k, which will be perfect for most applications, and a finite 
dimensional A:-vector space M. So is a group scheme, with the natural action of the monoid 

Gk[x] (with the natural grading on the symmetric algebra). This enables us to define the vector 
space V = Spec(5fc[M]) as this affine scheme considered together with these two operations. 

Invariant functions: Let us mention that there is a natural notion of subspace, say S, which 
is also a vector space. In addition there is an action of this subgroup on V; by : V —)■ V, 
t-viw) = V + w, foi V G S'. 

There is also a naturally defined subring of invariant funetions, say /§ C Sk[M], with the property 
that Spec(/§), or say the functor G/g, is identified with V/S as group schemes and as a vector 
space. In this construction, if V is a finite dimensional fc-vector space defined by the polynomial 
ring Sk[M], there is a natural identification of M with the dual space V*. In addition, to a subspace 
S C V we assign the anulator S^®^(c V* = M). The inclusion S C V is given by the surjection 
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Sk[M] —>■ Sk[M]/S^^'^Sk[M] . So Sk[M] is a polynomial ring, and is an ideal spanned by 

linear forms. 

In this case the subring of functions of V which are invariant by the action of this subspace, 
acting by translations, is the symmetric algebra namely 

(6.1.1) /s = 5fe[§(0)] cSfc[V*], 

and hence I§ is a graded fe-algebra generated by linear equations, and it is also a polynomial ring. 

To be precise, functions in /§ are characterized as those functions on the scheme V, invariant by 
all translations ty : Y ^ Y, tv{w) = u + tc, for u G §. Group schemes provide the right setting to 
make this concept precise, and to set Spec(/s) = V/S. 

6.2. An affine cone C C V is the closed subscheme defined by a homogeneous ideal I{C) in S'fc[V*]. 
We will say that the subspace § acts on C, when ty(C) = C for all translations with u G §, 
and again, the language of group schemes provide a precise formulation. We will make use of the 
following properties for a cone C <ZY and a subspace § in V: 

(1) There are (non-canonical) isomorphisms of schemes (V/S) x S —>■ V. 

(2) § acts on C if and only if there is a cone C" C V/S = Spec(/§) so that (1) induces an 
isomorphism C xS ^ C . 

(3) If §1 and §2 are subspaces in Y acting on C, then the subspace §1 + §2 acts on C. 

(3) follows from the definition of an action of a subspace (see [211 Def 5.2, p.29]). Note that the 
inclusion in ([b.l.ip is canonical, and the first two properties can be reformulated by: 

(1’) There are variables Vi,..., W and (non-canonical) isomorphisms of graded A:-algebras 

Sk[S^^^][Vu...,Vr]^Sk[Y*] 
extending the inclusion C 

(2’) § acts on C if and only if I{C) is the extension of an ideal in /§ = via ([B.l.ip . 

1) follows from the previous discussion, setting M = © L, where L is a subspace with basis 

lA,..., W- We refer here to [211 Prop 5.4, p.32] for the claims 2) or 2’). 

6.3. Fix a polynomial ring V = k[Xi ,..., A^], over a field k, and let A be the quotient defined 
by a homogeneous ideal (i.e., let C = .4. be a graded algebra generated over k by finitely many 
homogeneous elements of degree one). So V = Sk[L] is the symmetric algebra over k of the vector 
space of linear forms, say L, and Spec(4.) is a cone included in the vector space Spec(P). 

Let .4+ denote the irrelevant ideal. This is a maximal ideal, rational over k, corresponding to 
the origin of the cone, say O G C. Let n denote the multiplicity of the cone at the origin, namely 
the multiplicity of A at the prime .4+, and we want to study the set n fold points Fn{A). 

The graded ring of A at the maximal ideal A+ can be identified with A, namely 

(6.3.1) A = grj^,{A+). 

We will always assume here that A is pure dimensional, say of dimension d. After taking a finite 
extension of k, in case it is not infinite, one can choose a polynomial subring, k\Yi,, 1^] C A, 
where Yi,..., are homogeneous of degree one, so that this is a finite extension of graded rings. 
There are many ways to choose such polynomial subrings, and the multiplicity of A at the prime 
A+ is given by the generic rank of this extension (see Corollary 12.8h . 

As the ring is pure dimensional locally at A+, we may assume that A C AiSik[Yi,...,Yd]^O^ij • • • > '^d)- 
In fact, if A' denotes the image of A in this total quotient ring, there is an identification, say 
Fn{A) = Fn{A!) via Spec(4.') C Spec(4.) (see (l4.1.2p L 

Remark 6.4. Choose S = k\Yi,...,Y^ C 4. as above, and assume that A C A ®k[Yi,...,Ya] 
k(Yi ,..., Yd). Express A = ..., 9m] choosing 9i ^ S, homogeneous of degree one. 
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Set L = [^]i, which we can assume to be free of rank d + m. Fix a basis 

(6.4.1) {Yi,..., Vi = 01,..., M 

and set V = Spec(S'fc[L]) where Sk[L] is a polynomial ring over k. The surjection Sk[L] —>■ A induces 
an inclusion Spec(^) C V. Let Fi{Yi,... ,Ya,V) denote the minimal polynomial of 0j over S. As 
rings are graded F) is homogeneous in A:[yi,..., Y^, V] of degree, say d[. Finally set 

A' = k[Yi,...,Yd,Vi,..., K*]/(Fi(yi,..., y^, yi),..., Fm{Yi, ..., y^, v^)}. 

The natural surjection, A' ^ A induces an isomorphism in degree one, say [^']i = [A]i, and hence 
an inclusion Spec(A) C Spec(A') C V. According to the discussion is Section 4, and as a particular 
case of Theorem 14.61 the set of points in Spec(A) of multiplicity n, coincides with the set of points 
of multiplicity D' = d'^ .in Spec(^'). Namely 

(6.4.2) Fn{A) = FD'{A!){ciN). 

Corollary 6.5. Fix the setting and notation as above, and let n denote the multiplicity of A at 
A+. If k is perfect, then the set Fn{A) of points in Spec(.4.) of multiplicity n, is a linear subspace. 

We refer to [211 Ex 2.12 , 111-25] for an example which shows that the statement does not hold 
over non-perfect helds. 

Proof, (of the corollary): As k is perfect, the points in Spec(fc[yi,..., Y^, V]/{Fi{Yi ,..., Y^, V))) of 
multiplicity di define a linear subspace, at least set theoretically. This can be checked by applying 
differential operators of degree < di (see mi Lemme 1.2.7 , 111-8]). These give rise to an ideal 
spanned by lineal equation if the characteristic is zero, and to an ideal spanned by powers of 
linear equations if the field is perfect. In particular in both cases the set F^., of points where the 
hypersurface has multiplicity dj, is a linear subspace. So if k is perfect, F£)/(^') is an intersection 
of subspaces in V. O 

Remark 6.6. Fix the notation and conditions as in 16.81 Iwhere k is any field), then 

i) Proj(.4.) is pure dimensional, of dimension d — 1; 

ii) The multiplicity at points in Proj(.4.) is at most n; 

iii) A point at Proj(.4.) has multiplicity n if and only if it is defined by a homogeneous prime 
in Fn{A). 

Proof. The assertion in i) follows from the assumptions on A. The inclusion k[Yi,... ,Yd] C A 
defines vr : Spec(.4)(c A™') = Spec(A:[yi,..., T^]). Note firstly that the generic rank of 

k[Yi,... ,Yd] C A is n (|6.8h . We also conclude from Proposition 14.21 that Fn{A) maps homeomor- 
phically to say 7r{Fn) in A'^. This one to one correspondence is compatible with localizations at 
k[Yi, ...,Yd\ (jHI), in particular for k[Yi,..., YoIy, C Avi = A ®k[Yu...,Ya] • • •, Td]^. 

Set Si as the degree zero component of the Z-graded ring k[Yi,... ,Yd]Yi, and A* the degree zero 
component of Ay.. So k[Yi,... ,Yd]Yi = T)”^] as graded rings, and Ay. = Ai\Yi,YA^]. One 

readily checks that Si C Aj is a finite extension of generic rank n. This proves (ii) and (iii). 

Theorem 6.7. Let C <ZY be a pure dimensional cone over a perfect field. The highest multiplicity 
locus of C, say S(c V), is a subspace in V, and it is the Hilbert Samuel stratum eontaining the 
origin of Cred- 

Corollary 6.8. The highest multiplieity loeus of a pure dimensional cone C over a perfect field is 
a subspace, say § in V, and it is the biggest subspace of V aeting on Cred the sense of group 
schemes. Equivalently, § is a subspaee; it aets and it is the biggest subspaee so that Cred can be 
defined by functions of the quotient scheme V/S fsee \6.Sfi . 
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6.9. (Proof of Theorem 16.7p . We have studied the highest multiplicity locus of a fc-algebra A. Here 
we view A together with it’s graded structure. Let L be, as before, the homogeneous component 
of degree one, so there is a surjection from the symmetric algebra, say Sk[L] —>■ A, and hence, an 
embedding of cones 

(6.9.1) Spec(.4.) C V = Spec(S'fc[L]). 

If k is perfect. [631 savs that the highest multiplicity locus is a subspace, say S, and S C Spec(.4.) C V. 

Let X G Spec(.4.) be the origin of the cone (corresponding to the maximal ideal .4.+). Let Q C A 
denote the ideal defining this subspace, so Q C .4+ is an inclusion of primes in A. Applying 
Theorem 1,1.91 to this setting, as T = § is regular and equimultiple at the origin, it defines 

( 6 . 9 . 2 ) {A/A+®AgrQ{A))®ji,iji,_^A/A+[Xi,...,Xr\ grA+{A) 0 , 

which is a surjection with a nilpotent kernel. Here k{x) := A/A+ = /c, and A/Q is the poly¬ 
nomial ring k[Xi ^..., A^]. Let K be the kernel of Sk[L\ —)• A, and let Q' C Sk[L] be the prime 
corresponding to Q C A. So A/Q = Sk[L]/Q' = k[Xi ,..., A^]. Consider the diagram 

( 6 . 9 . 3 ) 

0 0 


K' -- K = Ins.iLuiK) 


0 ^ ik{x) grs^i^iQ’)) grSk[L]/Q'iiSk[L]/Q')+) -^ Sk[L] = grs^^^{Sk[L]+) 0 


{k{x) (g)^ guAiQ)) ®k{x) grSk[L]/Q'{{Sk[L]/Q')+) -^ A = 5M(-4+) 0 

0 0 

where equalities in the second column are as in (16. 3. Hi . and the isomorphism in the middle is 
constructed from the natural morphism grsi,[L]{Q') g''~Sk[L]i^k[L]+)- Note that (|6.3.1I) also says 
that 

k{x) grs,iL]/Q'{{Sk[L]/Q%) = Sk[L]/Q' = k[X,, . .., A,], 
and the lower row is ()6.9.2p . 

Finally the equimultiplicity of A along Q ensures that {K' c)K C (see EJD. 

In this setting K' is the extension of, say K” = ker{k{x) grs^^iQ') k{x) ®AgxA{Q)))-, 

in particular K' is spanned by elements in the subring {k{x) g^s^^iQ'))- 

We finally obtain, by general properties of group schemes: 

(1) The subspace S = Spec(S'fc[L]/Q') acts on V = Spec(5fc[L]) and the subring of invariant 

functions is {k{x) g'’'Sk[L]iQ')) ^ Sk[L\ (see (I6.1.1|) and [53]). 

(2) One can express the vector space as a direct sum L = Li 0 L 2 so that the previous inclusion 

is given by {k{x) grs^miQ')) = Sk[Li] C Sk[L]. 

It follows from (1) and (2) that the ideal y/K' (in the ring of invariant functions S^PLi]) extends 
to a radical ideal in Sk[L]. In particular ^/K can also be generated by invariant functions, so 
§ = Spec(5fc[L]/Q') acts on the affine cone Cred = Spec(Ared), and hence Cred = C x § for some 
C" C V/S = Spec(I§) (16.21) . As we assume that S is the stratum of the multiplicity through the 
origin of C, it is also a stratum of multiplicity of Cred, so Cred = C' x S, and we finally conclude 
from this that S is also the Hilbert-Samuel stratum of Cred containing the origin. O 
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7. Proofs of Theorems DO AND o 

7.1. Factorization of cones and fibers of blow ups. 

We study the blow up of a scheme along a regular equimultiple center, and this leads to the study 
of cones, and factorization of cones in a vector spaces, which was partially treated in the previous 
lines. A vector space that arises naturally is the Zariski tangent space at x E X, say 

Tx,x = Spec(S'fc[m/m^]), 

where Sklm/mf] is the symmetric algebra, m is the maximal ideal at the point x, and k = k{x) is 
the residue field. It is endowed with a structure of vector space as was mentioned in the previous 
section. The tangent cone of A at x is defined by Cx,x = Spec{grm{Ox,x)), and the surjection of 
graded rings Sk[m/m‘^] grm{Ox,x) induces the inclusion Cx,x C Tx^x- 

We now discuss about ingredients of the blow up encoded in the tangent cone. The projective 
scheme defined by Cx,x is the fiber over x of the blow up at this point. In addition to this, we will 
see that Cx,x also encodes information of the blow up at suitable centers Y (c X) which are regular 
at X. Given a regular subscheme Y of X, defined by an ideal, say Q, a cone Cx,y = Spec((7rjj('(<3)) 
is defined, where grx{Q) = © Let X = Spec(i?), and let x E T C A be defined by 

prime ideals Q <Z M m B. Set A X' the blow up at Y. Then Proj{grB{Q)) C X' is the closed 
subscheme defined by the invertible ideal QOx', and the fiber at x of this blow up is 

(7.1.1) 7r“^(x) = Proj(/c(x) ©b grB{Q)){C X'). 

Recall that the natural morphism grB{Q) grM{B) induces k{x)®B g^BiQ) —^ gi"MiB), where 
k{x) = Bm/MBm- We define the conormal bundle as the affine scheme 

Cx,Y,x = Spec(fe(x) ®B grBiQ))-, 

and we study now conditions that enable us to relate Cx,y,x to Cx,x (see (17.1.41) and (??)). 

It is convenient and handy to reformulate the discussion in 16.91 particularly the diagram (I6.9.3P 
at the completion Bm, since this ring can be viewed as a quotient of a ring of formal power series, 
say {R,N) = k{x)[[yi,... ,ye]], where e = dimk(x){M/M'^). This is a local regular ring, and there 
is a natural identification M/M^ = N/N‘^. Note that grB,{N) is the symmetric algebra Sk[M/M‘^], 
or say 

Spec(flTB(A)) = Cw,x = Tw,x = Tx,x 

where W = Spec(R), and hence Cw,x is a vector space in the sense of group schemes. 

A center T C A, which is regular at x E T, induces, at the completion, a regular center, say 
Y' d W and a regular prime Q' in {R,N) = k{x)[[yi,... ,ye]]- After a change of coordinates we 
may assume that Q' = {yi,, ps) for some s < e. The homomorphism grB,{Q') —)• grB,{N) induces 

(7.1.2) 0 ^ k{x) ®RgrR{Q') ^ grR{N), 

which is an inclusion as the ring and the ideal are regular. Set, as before, Cw,Y,x = Spec(A:(x) ©« 
gi'niQ'))- Here grR{N) = A:(x)[yi,...,Te], where Yi is the initial form of yi, and the image of 
k{x)®RgrR{Q') is the subring k{x)\Yi ,..., T*]. So Ty^x is a subgroup (and furthermore, a subspace) 
of the vector space Tw,x = Tx^x, acting by translations, and the ring of invariant functions on T\y^x: 
k{x)[Yi,... ,ys]. Group schemes enable us to identify (canonically): Cw,Y,x = Yw,xIYy,x (^see 16.21) . 
Recall that Cx,x © Bv,x = Tw,x, and the subspace Ty^x acts on the cone Cx,x when this cone can 
be defined by equations in the subring of invariant function. Namely, when the ideal I{Cx,x) can 
be spanned by equations in the image of the injective homomorphism (j7.1.2p . 

Let us repeat (essentially) the diagram (j6.9.3p in this context, where Q is regular and equimultiple 
in B. Set {R',N') = {R/Q',N/Q'). So grR'{N') is a polynomial ring, and (|7.1.2I) can be extended 
in many ways to an isomorphism defining a diagram of graded rings and ideals: 
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(7.1.3) 0 0 

I { 

K -^ In{J) 

I } 

0 {k{x) grR{Q')) grR' {N') — -^ grR{N) 0 

{k{x) ®B grB{Q)) ®k{x) grR'{N') - - - ^ gxB^M) 0 

I { 

0 0 


and recall that K is the ideal spanned by, say K' = ker{{k{x) ®RgrR{Q')) —)• {k{x) ®b gfB{Q)))- 
We finally reformulate the discnssion l6.9l in terms of factorization of cones by saying that this square 
diagram of graded rings induce: 

A) An isomorphism at the homogeneous component of degree one, and hence a a non canonical 
diagram of schemes included in the Zariski tangent cone Tx,x) say 

(7.1.4) Cw,Y,x X Ty,x = Tx,x 


Cx,Y,x X Ty,x ^- Cx,x 

where the vertical morphisms are given, essentially, by the closed immersions Cx,y,x C 
Cw,Y,x and Cx,x C Tx,x (recall that Spec{grR{N)) = Tw,x = Tx,x)- 
B ) Canonical identifications Cw,Y,x = Tx,x/Ty,xi Cx,y,x = Cx,xITy,x if Y is normally flat at 
X, and iCx,Y,x)red = {Cx,x)redlTY,x when Y is equimultiple at x. 

In fact, in f[28j. Theorem 2, p. 195) Hironaka proves that normal flatness along Y occurs when <1>* 
is a scheme theoretical identification (when <1> is an isomorphism), whereas equimultiplicity along 
Y occurs when 

0 {{k{x) ^B grB{Q)))red grR'{N') {grB{M))red 0, 

is an isomorphism, or say, if and only if <1>* induces an identification {Cx,x)red = {Cx,Y,x)red x 
as subschemes in the tangent space. We now repeat (for convenience) and prove Theorem 11.71 

Theorem 7.2. Fix a point x G A and let Cx,x C Tx,x the inclusion of the tangent cone in the 
Zariski tangent space. Assume that the residue field k{x) is perfect, and let S denote the stratum 
of (highest) multiplicity through the origin of the cone Cx,x- 

(1) S is a subspace in Tx,x- It acts, and it is the biggest subspace acting on {Cx,x)red- 

(2) Let Y C X be regular and equimultiple at x, then the subspace Ty^x is included in S, and 
hence it also acts on the subscheme {Cx,x)red, o,nd {Cx,x)red/TY,x = {Cx,Y,x)red- 

(3) Let X X' be the blow up at Y, as aboue. For any x' G 7r“^(x) C X', e{Ox',x') < 
e{Ox,x), and if the equality holds then 

(7.2.1) x' G Proj(S/ry,a;) C 7r“^(x) = Proj(C'x,y,x), 

where the inclusion is obtained from the action of Ty^x on § C {Cx,x)red i'a Tx,x- 

Proof. (1) and (2) where discussed in Theorem 16.71 Corollary 16.81 and in 17.11 

(3) The inequality e{Ox',x') < e(Ox,x) is a result of Dade, presented here in 14.101 So we prove 
now (j7.2.ip . Let Q C Ox,x be the prime defining the regular center Y. In what follows set 
B = Ox,x, the completion. Note that k{x) 0Ox x d^OxxiQ) — ®b g^BiQB). This enables us 
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to assume that X = Spec(-B), and that X X' is the blow up at QB. Here S is also the stratum 
of highest multiplicity in the reduced scheme {Cx,x)red (see (11.1.11) 1. and the discussion at the end 
of 16.91 (Proof of Theorem 16.71) . shows that 

(7.2.2) §/Ty,, 

is the stratum of highest multiplicity in {Cx,Y,x)red (or equivalently, of Cx,y,x)- 

Set Q' = QB, and let B[Q'W] be the corresponding Rees ring so X' = Proj{B[Q'W]). We must 
prove that if x' E X' in (3) is such that e{Ox’,x’) = &{Ox,x)-, x' corresponds to a homogeneous prime 
in k{x)®B gi^siQB) which is in the set of points of highest multiplicity of this graded ring (namely 
in ^/Ty,x))- We shall prove this in the next lines, and hence we prove (3). The argument will rely 
on the equivalence of (2) and (3) of Theorem 13.91 Before doing so, we discuss some preliminary 
technical aspects. 

After replacing x E A by a suitable etale neighborhood in case the residue held is hnite (see 
12.3p . one can assume that the conditions in Lemma 12.141 hold at the completion {B,M): Namely, 
although the residue held might not be inhnite, one can assume that there is a system of parameters 
{yi, ..., yd}, that span a reduction of M, and that the extension S = k{x)[[yi, ..., yd]] C B is hnite 
with generic rank [L, K] = e{Ox,x), where K and L are the corresponding quotient helds; and that 
Q', is the integral closure of {yi,... ,ys )B for some s < d. Note that the class of {y^+i, ■ ■ ■ ,yd } 
is a regular system of parameters at BjQ', as they span a reduction of the maximal ideal, and the 
maximal ideal of a regnlar local ring does not admit a proper reduction. 

Set {B,M) = (H/(y 5 +i,..., yrf), MR), which is hnite over S’/(ys+i,..., 2 /rf) = S ^{x)[[yi,... ,ys]] 
The previous construction ensures that the class of yi,..., span a reduction of M. 

Set K = k{x){{yi,... ,ys)) (the quotient held of S). After replacing B by its image in L = 

^ B we may assume that the multiplicity of {B,M) is the generic rank [L,K]. Let 

N and N be the maximal ideals in S and S respectively, and consider the diagram of Rees rings 

(7.2.3) 5©A©A2© - ... 

5 © iV © ©-^ R © M © © • • • 

where the horizontal morphisms are hnite extensions and the vertical ones are surjective. It induces 

(7.2.4) = Proj(5 © iV © A^©) ^- X' = Proj(R © Q' © 0 ...) 


Zi = Proj(5 © A © © • • •) ^- a' = Proj(R © M © © • • •) 

where the horizontal morphisms are hnite, and the vertical ones are closed immersions. Set 
Spec(R) = A C A = Spec(R) and Spec(S) = Z <Z Z = Spec(S'). So 

(a) A = Spec(R) is hnite over Z = Spec(S'), and A is hnite over Z. 

(b) A C A' and both are hnite over the regular schemes Zi <Z Zi respectively. 

Fix x' E A' as in (3), so that: 

(i) x' maps to the closed point of Spec(R); and 

(ii) e{Ox',x') = 

We claim that if e{Ox',x') = s{Ox,x), then x' corresponds to a homogeneous prime in k{x) ©s 
gxBiQB) of highest multiplicity in this ring. The equivalence of (2) and (3) in Theorem 13.91 savs 
that the natural surjection k{x) ©s grB{QB) —)• gr^{M) induces an isomorphism of the reduced 
graded rings, so the spectrum of both graded rings share the same stratum of points of highest 
multiplicity (see (11.1.11) 1. namely §/Ty,x (|7.2.2I) . 

Therefore (i) says that x' E A (c A'), and we claim that (ii) implies that: 
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(ii’) = e^{M) (= [L : K]), 

where X •(— X is now the blow up of Spec(i3) at the origin. So (i) and (ii’) would imply that x' 
corresponds with a homogeneous prime in Spec(g'r^(M)) which is in the stratum of the multiplicity 
containing the origin. Equivalently, that this homogeneous prime is in E>/Ty,x C Spec{grj^{M)) (see 
Remark ??), and this would prove our claim in (|7.2.1I1 . 

We finally proof that (i) and (ii) implies (ii’). Let zi E Z\ denote the image of x' E X'. Note 
that the total quotient ring of Ox',x' is L (the total quotient ring of B), and the total quotient ring 
of 0^1,21 is K (the quotient field of S). So the generic rank of the finite extension Oz^ C Oxi is 
e{Ox,x) = e(Ox',a:')- This shows that x' must be the only point mapping to zi, so Ozi,zi C Ox',x' 
is finite. In fact Proposition 14.21 shows that the maximal ideal of the local regular ring Ozi,zi spans 
a reduction of the maximal ideal of Ox',x'i and both have the same residue field. As is 

a quotient of Oxi,xi and is a quotient of Ozi,zi, one checks that C inherits 

the previous properties. Namely, that this latter inclusion is finite, the maximal ideal of the local 
regular ring spans a reduction of the maximal ideal of , and both have the same residue 

field. The equivalence in Corollary 12.81 ensures finally that the multiplicity of O^i is given by the 
generic rank over namely by [L : K], and hence that e(0^/ ^,) = e-g(M). O 

7.3. (Proof of Theorem ll.81 1 Set S C B, S C B', B' ^ B ^ 0, and x E Spec(i?)(c Spec(i?')) with 
multiplicity n and D respectively, as in in Remark 15.11 Let fM', 501, and J\f be the prime ideals in 
B', B, and 5, respectively, corresponding to x. So Spec(R') is a complete intersection, and as was 
indicated in 15.31 the claims in (|1.2.3p and ()1.2.5p of our introduction follow from (j5.1.6p , (I5.1.9P . 

Recall that all the schemes considered here are pure dimensional. Let d be the dimension of 
the local ring B^ (of B^,). There is a surjection grB'ifOl') —>• grB{Tl), inducing an inclusion 
Cx,x C Cx',x- 

Let C S'jnuitic Cx\x = Spec{grB'(S0l')) be the inclusion of the stratum through the origin 
of the Hilbert Samuel function and of the multiplicity respectively. Let §(c Cx,x = Spec(5rs(9II)) 
be the stratum of the multiplicity. 

We first note that there are inclusions {S'jjg This follows by applying Corollary 14.41 

to this setting, as both graded rings in the surjection grB'{n') —>• grB{Tl) are finite over grsiM), 
and hence of the same dimension. 

In particular dim(§)|^g) < dim(§), and finally Theorem 11.81 is a corollary of ()5.3.4p and some well 
known properties of the r invariant of a hypersurface mentioned in Remark 15.61 More generally, 
our Theorem 11.81 follows now from a result of Hironaka: 

Theorem 7.4. Assume that the residue field k{x) is perfect at a point x E A' and let E>' denote the 
stratum of the Hilbert Samuel function through the origin of the cone Cx',x- Assume, for simplicity 
that x E Max LfS'y'. and let D'{x) he the dimension of the subspace E>' C Tx\x = Tx,x- 

(1) D'{x) is an upper bound of the local dimension of the closed set Max HSy/ at x. 

(2) For any sequence A' •(— A( •(—••• •(— A(, of blow ups at normally flat centers, and given 
closed points xi E A', 0 < i < r so that Xj+i maps to xi, and xq = x, then 

HS{Ox'^,x,) > HS{Ox'^^^,x.^,) 

for i = 0,.. . ,r — 1, and if HS{Ox^,xr) — HS{Oxi ,x), then D'{x) is an upper bound of the 
local dimension of the closed set Max HSy/ at Xr- 

This result concerns the Hilbert Samuel stratum. It follows from [281 Part 4 of Chapter HI.], 
where the behavior of the r-invariant is studied in the formal setting. It is also treated in |32] in the 
setting of etale topology, where the Theorem is a consequence of the notion of Local Distinguished 
Presentations in Definition 6, p. 82, and of their Transformation in p. 94. 
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7.5. (Proof of Theorem 11.41) . Fix again the setting and notation as in 17.81 where all schemes 
considered are pure dimensional. Let d be the dimension of the local ring (of B'^,). So the 
surjection —>■ grB^{Tl), induces an inclusion Cx,x C Cx',x of affine schemes of pure 

dimension d. An affine cone is regular if and only if it is regular at the origin, in which case it is 
also irreducible. In particular, if {Cx',x)red is regular, both cones Cx,x and Cx',x have the same 
underlying topological space, or say {Cx,x)red = iCx',x)red, and hence {Cx,x)red is also regular. 
More generally, as d is the dimension at x E X', and hence of Cx',x: the stratum of highest 
multiplicity in the cone, namely S'(c Cx',x)) is of dimension at most d. Here B' be an affine 
chart and the setting of 17.31 provides an inclusion Spec(H') C Spec(5[Vi,..., Vm\) as in 15.11 After 
replacing the regular ring S by Sj^, for M = 5n9Jt', Sj^ has dimension d. The discussion in Remark 
15.61 and the presentation of 9^3'^, ™ (|5.6.1I) . show that the inclusion Cx',x C Tx,x is given 

by a surjection grsj^iVi,...,v^]p{PS[Vi,... ,Vm]p) B^,)), where P = {M ,Vi,... ,Vm) ■ 

Consider 

T = grs^^Vu...y^]p{PS[Vr, ..., VJ^p) = gTs^NS^Wi, ..., 

(where we identify Vj with it’s initial form). In Bemark 15.61 we also show that each Inp{fi{Vi)) 
involves only p (i.e., Inp{fi{Vi)) E grsx{-^Sj\f)[Vi\ C T). In addition, grsxi-^Sx') is a polynomial 
ring in d varables, and T is a polynomial ring in d + m variables over the perfect field k{x). 
Finally, Remark 15.61 also stated that the least number of variables required to define the equations 
{/np(/i(Vi ),..., Inp{fm{Vm)} in the polynomial ring T is exactly m (i.e., the dimension of S' is 
d), only when each Inp{fi{Vi)) is a power of a linear form in T. The proof of the Main Theorem 
oi follows now from Lemma ITTI 
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